Functional Analysis WS 13/14, by HGFei

HERE you will find material concerning the course “Functional Analysis”, held du-
ring the winter term 2013/14 at the Faculty of Mathematics, University Vienna.

Material (Skripten) of other/earlier courses by hgfei can be find at this page
http://www.univie.ac.at/NuHAG/FEICOURS/ws1314/FAws1314Fei.pdf

later on: http://www.univie.ac.at/nuhag-php/home/skripten.php
See also:
http://www.univie.ac.at/nuhag-php/login/skripten/data/AKFA1213.pdf

for details concerning Banach algebras, Fourier transforms etc. (ca. 95pg).
Exercises found at:

http://homepage.univie.ac.at/monika.doerfler/UEFA13.html

Certainly a very interesting (new) reference is the book “Linear Functional Analysis”
by Joan Cerda (AMS publication, [2]). I do not yet have this book in our library, maybe
in the main library.
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1 Summary, Material to Digest

1.1 Core Material, Ideas, Motivation

TEST of notations and new symbols... The goal of the functional analysis course to
provide a good general background of the theory of normae spaces and in particular
Banach spaces and Banach algebras, bounded linear operators between such spaces, and
in particular those into the field C resp. R, i.e. the linear functionals', which constitute
the dual space (B',]|-||g’). Therefore checking whether a given space is complete with
respect to a suitably chosen norm, realizing certain continuous embeddings, establishing
the boundedness of some operator or determine the condition number of an isomorphism
of two Banach spaces are among the things to be understood and verified in a number
of concrete examples.

In addition that course should raise awareness about the differences between finite
dimensional and infinite dimensional situations (see subsection in this direction, towards
the end of the script).

1.2 Beyond the Scope of this Course

What this course will not provide is e.g. a detailed background concerning topological
vector spaces, or the theory of distributions (generalized functions).
Siehe u.a. auch das Buch von Dirk Werner [16]

http://de.wikipedia.org/wiki/Dualraum#
Der_starke_Dualraum_eines_lokalkonvexen_Raums

http://de.wikipedia.org/wiki/Schwach-*-Topologie

WICHTIG:

http://de.wikipedia.org/wiki/Satz_von_Banach-Alaoglu

Details on this topic publically available in:
http://www.mathematik.uni-muenchen.de/"lerdos/WS06/FA/alaoglu.pdf

IThis is were the name of the theory, “functional analysis” comes from!
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2 Basic Definitions, Banach Spaces

We take the concept of wvector spaces (typically denoted by V, W etc.) over a field
(“Korper in German), e.g. K= C or R as granted.

A vector space (or a linear space) allows to form finite linear combinations of its
elements (viewed as “arrows” or just as points, with the usual rules of computation).
Therefore in any such vector space the concept of linear independence is well defined, as
well as the concept of “generating systems”.

A set M C V is called linear independent if every finite linear subset is linear in-
dependent in the classical set. As we will see later this is a bit in contrast with the
consideration of infinite sums that we will promoted as a better concept during the rest
of the course.

Recall that the core material of Linear Algebra concerns finite dimensional vector
spaces and linear mappings between them. Due to the existence of finite bases their
theory is equivalent to matrix analysis, the composition (or inversion) of linear mappings
is equivalent to the corresponding action on matrices.

However, for many applications there are spaces which are too large to be finite
dimensional. So clearly one thinks of infinite-dimensional spaces. But this should not
be mis-interpreted as space having an infinite basis (!). In fact, there are Banach space
which do not have a basis, the first example was found by Per Enflo in 1973, [6]. In fact
the discussion of bases in Banach spaces is a fairly complicated field, if carried out in
full generality (see the books of 1. Singer, [14]).

Therefore it is important to understand “infinite-dimensional” as the logical negation
of “finite-dimensional”: A space is not-finite dimensional if for every k € N there exist
more (in the sense of “at least”) k linear independent vectors. A prototypical example
is the space of polynomial functions &?(R) of all polynomial functions on the real line,
because the infinite set of monomials {1,¢,2, ...} is a linear independent set (for obvious
reasons).

There is a number of important concepts that are at the starting point of functional
analysis.

Definition 1. A function x — ||z| from V — R is called a norm on the vector space
V if it has the following three properties

L ||lz] =0=2z=0€V;
2. ||z +y|| < ||lz|| + ||ly|| (called the triangular inequality, symbol used: = );
3. [Az]| = [M|||z|| Yz € V, X € K;
A vector space V equipped with a norm || - || is called a normed vector space (V|| - ||).

Definition 2. A set M C V is called totalin (V|| -||) if its closed linear span coincides
with the whole normed space V.

Rewritten explicitly: For any v € V and € > 0 there exists a finite linear combination
of elements from M, i.e. some vector vy = Soa, cxmy with |[v — o]y < e.

Definition 3. Convergent sequences, Cauchy sequence (CS) in (V||| -||); usual facts.



Definition 4. A normed space which is complete, i.e. with the property that every CS
has a limit in (V|| - ||), is called a Banach space, hence we use (mostly!) from now on
(B, ||-||8) as a description of a Banach space.

Definition 5. For a given norm there is a natural metric on V defined by
div,w):=|v—w|, v,weV. (1)

Proposition 1. The mapping defined via equ. 1 is indeed a metric on 'V, i.e. satisfies
the usual three axioms:

1. dv,w)=0=>v=w;
2. d(v,w) =d(w,v), (symmetry);
3. d(v,x) <d(v,w) +d(w,x),x,v,w € V; (Triangle inequality, A).
It is also translation invariant, i.e.
dv+x,w+x)=d(v,w). (2)

As an obvious consequence the open ball of radius r, denoted by B,.(v) around v € V
is the same as moving the corresponding ball B,.(0), i.e. we have B,.(v)

2.1 Basic Facts concerning Banach spaces

Proposition 2. Any closed subspace By of a Banach space (B, | - HB), endowed with
the norm inherited from (B, |- HB), is a Banach space itself.

Also the converse is true: Assume that a subspace By C B is a Banach space with
respect to the norm inherited from (B, |- ||g), then it must be a closed subspace.

Proof. Details of the proof have been given during the course.

The direct part is easier and more important in practice: Assume that By is a closed
subspace of a Banach space (B, ||+ ||g). In order to verify completeness of (B, || - ||5)
we have to consider and arbitrary CS within (By, || - ||B), e.g. (b2)2°,. Since it is also
(lobviously, the norm is the same) a CS in the larger space (B, |- ||g) it will be conver-
gent there, with some limit b € B. Hence we are looking into the situation that we have
a convergent (!) sequence of elements from By, but because this is (by assumption) a
closed subset the limit must also belong to By. Altogether the given (arbitrary) CS has
a limit b € By, hence (By, || - ||g) is a Banach space.

The verification of the converse is left to the reader. O

As an application of the above principle let us establish basic facts concerning the
space Cy(R?) (in fact, this spaces, denoted by (Cy(G), || |l«), could be defined over any
locally compact group ¢ instead of ¥ = R?).

Definition 6. .

C.(R%) := {k : R? — C, k continuous, supp(k) compact}
where supp(k) is the closure of {z | k(x) # 0}, and

Co(R?) := {f : R? = C, f continuous, lim—|f(z)] = 0}



Proposition 3. The space (Co(R?), |- ||) is the closure (resp. the closed linear span)
of C.(RY) in (Cy(RY), || ||). Hence (Co(R?), ||+ ||lsc) is a Banach space, containing
C.(R%) as a dense subspace.

Proof. to be given soon (after the course next week). Try yourself first! O]

3 Bounded Linear Operators and Functionals

While in the finite-dimensional situations all linear mappings between two vector spaces
are considered, one has to exclude some “pathological cases” in the infinity dimensional
situation. Alternatively one can view the situation also in this way: The “natural” objects
of considerations are the continuous linear mappings. While linear mappings between
finite dimensional spaces are automatically (!) continuous ? this is not true anymore if
the domain space is infinite dimensional (in the sense that for any N € N there exist at
least IV linear independent vectors in the space).

For this reason we are studying the “good linear mappings”, which also “respect the
convergence structure”.

Definition 7. A mapping T between metric spaces (e.g. normed spaces) is continuous
if the usual ¢ — d-condition is satisfied, or equivalently (0.B.!) if 7" maps convergent
sequences (in the domain) to convergent sequences in the range; or in formulas

Ty, — o forn —-o00 = T(x,) — T(xg), for n — oo. (3)

Ezercise 1. Show that the mapping v — ||v|| from (V.|| - ||) to (R, |-]) is continuous!

The norm also allows to define boundedness and thus clearly there is interest in
mappings between normed spaces “respecting boundedness”. For this reason let us give
the pertinent definitions:

Definition 8. A subset of a normed space M C (V, || - ||v) is called bounded
(with respect to that specific norm) if

sup |m|ly < oc.
meM

Definition 9. A linear mapping 7" from (B', ||-||™") to (B2, || - |?) is called bounded
if there exists some constant C' = C'(T") > 0 such that

1Tx||® < x|V, for xe BW, (4)
The infimum over all such constants is called the operator norm of T', and we write |||T||| .

Fxercise 2. 1t is a good exercise to verify that

T
ITI = sup T = sup L
Vv o VIl

(5)

20.B, i.e. “ohne Beweis”, resp. without proof, for now.
3In fact this is quite easy: using the estimate |[|[u|| — ||v]|| < |[u — u]|, which is an immediate conse-
quence of the triangular inequality for the norm.



If it concerns operators between two different norm spaces we will indicate that in
the subscripts.

Fxercise 3. Show that a linear mapping 1" between two normed spaces is bounded if and
only if it maps bounded subsets into bounded subsets, i.e. iff it preserves boundedness.

It is easy to verify the following basic facts:

Lemma 1. (i) Given two bounded set My and My their complex sum, i.e. the set
M := My + My :={m|m = my + mg,mq € My, mg € My}

is a bounded set as well. In particular M is bounded if and only if x+ M is bounded (for
some/all x € V).

(ii) A set is M is bounded if and only if \M is bounded for some (resp. all!) non-zero
scalars A € K.

Due to the fact that any linear mapping 7' is compatible with scalar multiplication
one easily finds (Ex.!) that T is bounded if and only if it maps the unit ball B;(0) into
some bounded set. Consequently it is natural to define the “size” (i.e. a norm) on the set
of bounded linear operators (generalizing the size of a matrix, in MATLAB: norm(4),
providing the maximal singular value!) as the size of T'(B;(0)), or more precisly:

Definition 10.
N7l = sup [|T(v)]lw-
Iviv<1
Sometimes it is appropriate to indicate that the operator norm concerns a mapping
from (V' || - ||v) to (W, || - |lw) by using the symbol || T|||v_w or in a similar situation
Tl g1 g2 - If the target space is the same as the domain of course only one of the two
symbols suffices, e.g. || T||s or ||T|v -

Definition 11. A bounded linear mapping 7" between normed spaces with bounded
inverse is called an isomorphism of two normed spaces.
The condition number of T is defined by

cond(T) =TIl g2 - 1Tl 2o (6)
or in short (of the norms are clear) x(T) := |[|T|| - II77|| -

This quantity describes the quality of the isomorphism. More as an exercise on ter-
minology we note the following lemma:

Lemma 2. Let T be an isomorphism between two normed spaces (V' |- ||M) resp.
(V2 - 1), Then (vp)32, is a CS in (V' ||-||V) if and only if (T(vg))32, is a CS in
(V21 - I®). In particular isomorphic normed spaces are simultaneously either complete

(i.e. Banach) or incomplete.
It is then of course also true that isomorphic normed spaces will have isomorphic
completions.*

“The converse is of course not true for the following reason: Given a Banach space (B, |- ||p) and
a dense subspace with the same norm. Then their completion is isomorphic to (B, | -|/g) for both of
them, although - simply for set-theoretical reasons - they are not isomorphic as vector spaces.



It is also easy to check the following claim:

Lemma 3. The composition of isomorphisms of normed spaces (as well as inverse of
isomorphism) are again isomorphisms (and the condition numbers multiply).

In particular one has: The set of automorphisms (i.e. isomorphism of a (V, |- |lv)
onto itself) forms a group.

Remark 1. For the finite dimensional case this situation is of course well known. Since
every finite dimensional vector space over the field K (e.g. R or C) is isomorphic to K"
it is clear that in this case the linear isomorphisms (they are automatically continuous
in the finite dimensional case!) are just the mappings, which are described by invertible
n x n-matrices (for a fixed basis). In fact, the discussion of equivalence of matrices (via
conjugation: A — Cx A+ C ') corresponds simply to the description of linear mappings
with respect to different bases. The resulting group of matrices is known in the literature
as GL(n,R).

A special class of bounded operators are the isometric ones:

Definition 12. A linear mapping between Banach spaces is called isometric if
1
IT(x)l|g2 = [xl|g1, Vxe€ B
T is an isometric isomorphism if it is isometric and also surjective®.

The unilateral shift in £2(N), which is even isometric, hence injective, but not sur-
jective is an instructive example of a situation that does not occur in finite dimensions,
because in the finite-dimensional context one can argue using bases.

If a mapping is isometric or just has only a trivial nullset, the image of a linear
independent set will stay linear independent. So the image of a basis under such a
mapping is a linear independent, and has of course the correct number of elements (
= dim(V)). Therefore any injective linear mapping on a finite dimensional mapping
is also surjective, hence an isomorphism (recall the different standard criteria for the
non-singularity of square matrices!).

Lemma 4. For any isometric isomorphism J one has cond(J) = 1.
Furthermore, for any isomorphism of T of (B, ||-||B) one has T o J and JoT are
1somorphisms as well with the same condition number.

The proof is left to the reader. Note that a special consequence of the above lemma
concerns unitary operators on Hilbert spaces (cf. below, they are just the analogue of
unitary, complex n X n-matrices in linear algebra). In particular it is clear that unitary
equivalent invertible linear mappings (like U; o T o Uy and T') have the same condition
number.

Remark 2. Tt is easy to check (Ex.) that a linear map is bounded if and only if the image
of the unit ball is a bounded set. In fact the “size” of a bounded linear map is defined
as the “size” of the unit ball under 7', measured in the norm of the target space.



balls around zero or elsewhere their images and the surrounding balls

Abbildung 1: TESTBILD

Definition 13. For b € (B, ||-||g), € > 0 one defines the ball of radius & around b as
B.(b) :={v e B,|v—-b| <e}. (7)
Alternative typography using the macro “Ball” comes out equally: B.(b)

Theorem 1. The operator norm is in fact a norm, and the space of bounded linear
operators is a normed space. If the target space is complete, then so is the space of linear
operators. In particular, the dual space, the space of linear operators (called functionals)
into the underlying field (R or C) is completeS.

Proof. The only interesting part (to be described here) is the completeness claim. As-
sume the (7},)72, is a CS of operators in £(B), for some Banach space (B, ||| g) (the
general case can be done by the reader in a similar way). Similarly to the proof of the
completeness of (C(I), || - ||), where one goes from uniform convergence of functions to
pointwise (ptw) convergence, we the same here. Fix any v € V and look at the sequence

(Tr(v))52,. Since
172 (v) = Tu(V)llw < ITn = Talll v swlvllvs

this is in fact a CS in W and therefore has a limit. Let us call this limit (defined first
for every v € V separately) T'(v), so at least we have a candidate for a limit operator.
We have to verify that the mapping v +— T'(v) is in fact a linear and bounded operator,
and finally that |||7"— Ty ||| v_w — 0 for £ — oo.

5... hence bijective, hence an isomorphism ...
6Tt is not necessary that the normed (V, || -||) itself is complete, in order to have completeness of V*
with its natural norm!
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balls around zero of elsewheare their images and the surrcunding balls

w

Abbildung 2: TESTBILD2

In fact, for every given ¢ > 0 we can find kq such that m,n > kq implies |||T,, — T ||| v_w <
e > 0. For v € V with ||v||v <1 this implies that

[To(v) = T (V)W < & >0,
and hence, by taking the limit
T, (v) =T (v)|lw <e>0, for n> k.

O

Lemma 5. A linear mapping T between two normed spaces is continuous if and only
iof it s bounded, i.e. maps bounded sets into bounded sets. In fact, if T is continuous at
any point it is also continuous at zero and overall uniformly continuous.

Proof. The statement is in fact a statement showing that a homomorphism between to-
pological groups is continuous at zero of and only if it is (in fact even uniformly) conti-
nuous. We are here in a metric context, and use only the fact that T is compatible with
the additive structure of the involved vector spaces.
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their images and the surrounding balls

balls around zero or elsewhere

Abbildung 3: TESTBILD3

So assume that T': V — W is a linear mapping continuous at some fixed element
vo € V. This means that for € > 0 there exists 6 > 0 such that

T (Bs(vo)) € B:(T(vo))-
But since (Icheck it out yourself, using the properties of the norm)
Bs(vo) —vo = Bs(0) C V. and B.(T(vy)) = T(vo) + B.(0) € W
this implies
T(B5(0)) = T((Bs(vo)) — T(vo) = T (Bs(vo)) € B (T(vo)) — T(vo) = B-(0).

Multiplying both sides in the last containment relation by 1/6 we obtain T'(B;(0)) C
B.5(0) in the target space, or boundedness of the linear mapping, with a constant
C <e/é.

The proof that a bounded linear mapping is uniformly continuous, with e(J) <
d Il ') is an easy exercise, using almost the same arguments.

O

The following simple result is quite useful in many application situations.

Lemma 6. Assume that T is a bounded linear mapping from a dense subspace D in
(B, ||-|™M) into a Banach space (B>, ||-||®®). Then there is a uniquely determined
extension of T (we keep the name) to all of (B, ||-||™).

Proof. Since D is a dense subspace of (B*, ||-||(")) for any given x € B there exists a
sequence (d,)$, such that x = limy,_,.d,, hence (d;), is a CS in (B', || - |V), which
is mapped onto a CS in (B?, |- ||®)) due to the boundedness of T

IT(dn) = T(dm)ll g2 < ITl g1 p2lldn — dm|[ -

12



According to the completeness of (B?, ||-||®) this CS has a limit, which is in fact
independent independent from the CS chosen (! mix two CS sequence to verify this
uniqueness claim!) the only possible definition for T'(x) is via the limit relation

T(x):= lim T(d,).

k—o0

O

Remark 3. In many cases the technical realization of this extension is not necessarily by
the same method.

Application: Proof of Plancherel’s theorem. L' N L? is a dense subspace of L2(]Rd),
and the Fourier transform can be shown to be an isometry on L' N L% The range of F
is dense in L*(R?). Thus the above arguments are crucial for the proof of the following
theorem:

Theorem 2. PLANCHEREL’s THEOREM (TEX-block 4859)

The Fourier transform f + F(f) is an isometric mapping from (L' N L*)(R%), || - ||2)
into (LQ(Rd), Il - Hg), with dense range. Therefore it can be extended from this dense sub-
space of (L*(R?), || -|l2) to the whole space. It is convenient to call this unique extension
the Fourier-Plancherel transform”, which is then establishing an isometric automorphism
on (L*(RY), || - ||2) (later we view it as a unitary mapping, because it also preserves scalar
products).

3.1 The Big Theorems Concerning Operators

Theorem 3. Assume that T is a bijective and bounded linear operator from a Banach
space (B, ||-||V) to another Banach space (B?, ||-||®®) Then the two spaces are iso-
morphic, i.e. the linear mapping T has a bounded inverse, resp. T is an isomorphism
between the two spaces.

FEquivalently, elements of the unit sphere (i.e. with norm one) have images well se-
parated from zero, or formulated directly, by claiming that there exists some Cy > 0 such
that

IT®)l2 = Colxllg for x € B, ®)

Proof. First of all it is clear that the identity mapping is a continuous mapping from
(B, ||-|™) to (B?, ||-||®) by assumption. If the norms are equivalent on B' then it
is also a bounded linear mapping from (B, |- ||® to (B2, |- ||®). O]

Proof. This is one of the basic theorems about Banach spaces and has a non-trivial proof,
involving Baire’s category theorem. It indicates that invertibility as a mapping plus good
mapping properties in the forward direction automatically imply good properties of the
inverse mapping (linearity is obvious in the same way as in the linear algebra courses).
Boundedness is the issue. O]

"Just at the beginning, to distinguish it from the classical FT defined using and integral transform,
because it is not true anymore that for any f € L*(R?%) the Plancherel transform can be obtained
pointwise, not even almost everywhere (a.e.) using integrals, even if one makes use of the best possible,
namely the Lebesgue integral.
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There are many applications of this “strong” result Let us provide two of them:

Corollary 1. Giwen a vector space V, endowed with two comparable norms, i.e. a weaker
and a stronger one, or more precisely with the property, that for some C' > 0 one has
(without loss of generality)

[vlgz < Clvllgr for veV. (9)
If V is a Banach space with respect to both norms, then these norms are equivalent.

Proof. One just has to apply Banach’s theorem to the (obviously bijective) identity map-
ping from V to V. The assumption (9) then just expresses the assumption concerning
the boundedness of Idy as a mapping from (V. || - ||V to (V] - ||®. O

Corollary 2. Assume that one has one Banach space (B*, ||-||V)) continuously embed-
ded into another (larger) Banach space (B?, ||-||®), and dense in (B?, |- ||®).

Then the two spaces coincide if and only if the corresponding norms are equivalent.
Or in other words: if (and only if ) the two norms are not equivalent, then the inclusion
must be a proper one.

Proof. TO BE DONE! [l

3.2 Closed Graph Theorem

Closed Graph Theorem
The closed graph theorem provides one of the most useful methods to check whether a
linear mapping between Banach spaces is bounded resp. continuous. It requires to make
use of the Graph of a mapping T from (B', ||-||V) to (B2, || - ||¥), namely

G(T) = {(x,Tx) € B' x B*}.

Theorem 4. A linear mapping T between two Banach spaces is bounded resp. continuous
if and only if it has closed graph, i.e. if and only if the set G(T'), considered as a linear
subspace of (B, ||-[|(V) x (B?, || -|®¥) is a closed subspace.

In practice it suffices to show the following: Assume the (x,)5, is a sequence in
(B, || - |M) with lim,_,ocX, = O and furthermore that the image sequence satisfies
z = lim,,_o T'X,, for some z € B?, then one has to identify (only) that z = 0.

Proof. The necessity is obvious, i.e. the fact that any bounded, hence continuous linear
mapping 7" has closed graph.

So the interesting part of the argument (which will rely on Banach’s theorem) is the
verification that the closedness of the graph G(T') already implies the continuity of the
mapping 7.

In order to do so one only has to recall two facts:

e Obviously the mapping x — (x,7x) is a bijective mapping from a Banach space
to a subspace of the product space (B*, ||-||V) x (B?, || - ||®);

14



o If G(T) is closed, it is a Banach space with respect to the norm in the product
space;

e [t is also clear that the inverse mapping, (x, 7x) + x is a continuous and surjective
mapping;

e hence by Banach’s theorem also the inverse of this mapping, which is obviously

x — (x,Tx) must be continuous as well, hence in particular the mapping x — T'x
from (B', || [|V) to (B2, |- |®).

]

3.3 The Uniform Boundedness Principle

The UBP (also called PUB by J. Conway, [4]) concerns the behavior of pointwise con-
vergent sequences of operators. It will be discussed after some considerations concerning
alternative forms of convergence (aside from the usual norm convergence).

For the subsequent discussion we need one more of the big theorems of functional
analysis, the PUB (Principle of Uniform Boundedness).

See p.95 in [4] (Conway’s book):

Theorem 5. Let (B, ||-||V) be a Banach space and (B?, ||-||®) be a normed space.
If a set M C L(B*, B?) is such that for every x € B on has

sup{||Tx| g2, T € M} < o0

(we may say that the family M of operators is pointwise bounded) then the set is also
bounded in the operator norm sense, i.e.

sup [||T'[|| g1, 5> < oo.
TeM

WE DO NOT PROVIDE A PROOF HERE FOR REASONS OF TIME

Lemma 7. Let B be a Banach space and M C B'. Then M is bounded (in B') if and
only if it is pointwise bounded, i.e. if supy,cy, b'(b) < 0o for any b € B.

There is also the Banach-Steinhaus Theorem.

Theorem 6. Let (T,,)22, be a sequence of bounded linear operators between two Banach
spaces, i.e. in L(B*, B?), which is pointwise convergent, i.e. T,(X) is convergent for
any x € B'. Then there exists some bounded linear operator T, € L(B', B®) such
that T,, converges to Ty in the strong operator topology and that the sequence (T),) is
(automatically) bounded in the operator norm sense:

sup [T 1 g2 -
n>0
Proof. The main part of this theorem (cf. exercises) to show that the PUB implies

sup | T g1 B2
n>1

and hence this property is easily pushed to the limit, i.e. allows to include the limiting
index n = 0! O]
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The theorem is also known as the “gliding hump” theorem.
A variant of the UBP gives:

Lemma 8. A set M C B is bounded if and only if it is “weakly bounded”, i.e. for every
b’ € B’ one has
sup{|b’(b)|,b € M} < 0.

[see [4], p.96]
Since boundedness can be expressed in a weak sense it may now not be not too
surprising to see that one has:

Proposition 4. A linear mapping T between two Banach spaces is bounded resp. conti-
nuous if and only if it is weakly-to-weakly continuous, i.e. if for every weakly convergent
net (2o)acr in the domain (B, || -||V) also the images (T(x4))acr is weakly convergent
in (B, ||-]|®).

Note: somehow one can think of the situation as follows: continuity turns out to
be equivalent to boundedness due to the linearity of 7' (and the compatibility of the
considered topologies with the vector space structure). Since we have already seen that
boundedness (in the norm senses) and boundedness in the weak sense is equivalent it is
not surprising that the corresponding continuity concepts turn out to be equivalent.

WE HAVE TO CHECK WHETHER HB IS USED ALREADY SO FAR! MOST LIKELY THE
MATERIAL OF THIS LAST SUB-SECTION HAS TO BE MOVED DOWN

3.4 The Hahn-Banach Theorem

However there is a number of interesting consequences!

Corollary 3. Let V' be a normed space, and M C V. Then M is bounded if and only
if for each v' € V' one has

sup v'(v) < 0.

veM

Proof. The trick is to consider the space V' (just a normed space) as a subspace of V"
(via HB it is isometrically embedded). And as such it is bounded within £(V’, C). This
also “explains” why one does not need the completeness in this theorem! O

The Hahn-Banach Theorem® guarantees the existence of sufficiently many linear
functionals. A good summary is found in [11], section 9.

The linear algebra situation is quite simple: Assume a linear functional is given on
subspace W of a vector space V. Then one can easily extend it to the full vector space
by putting it to zero “on the rest”. But how can one really do it? The natural way
(in the finite dimensional setting) would be to first take any basis for W and then
extend it by adding more elements to a basis for the full space V. In this way one
can in principle expand every element of v in the full basis and project them into
W by ignoring the additional basis vectors (putting them to zero, of you want so).
This is certainly a linear procedure and also idempotent, i.e. applied to elements in the

8Hans Hahn was a professor at the University Vienna, look at the “Ehrentafel” at the entry hall of
our building, OMP1. See also WIKIPEDIA: Hans Hahn Mathematiker
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range of this linear mapping nothing changes anymore. Therefore, applying w* € W*
to the projected version of v provides us with a linear functional v* which is clearly an
extension of original functional. But what can be said about the norm of this extended
linear functional. It would be nice to know the norm of the projected elements, but in
the generality just described nothing can be said about their length. In particular, it
not at all clear whether the length of the projected vector should be smaller than the
original one?
Here is a short MATLOW experiment:

>> A = rand(5), B = pinv(A’),

>> xx = rand(5,1); xx = xx/norm(xx);

>> for kk = 1 : 5; norm( A(:,kk) * B(kk,:)), end
>> for kk = 1 : 5; norm( A(:,kk) * B(kk,:)*xx), end

It shows that most of the time at least in one direction the projection is longer than the
full vector!!

Of course one could (and should) an orthonormal basis for W and extend that to
an ONB of V, because then Pythagoras could demonstrate that the (now orthogonal)
projection onto W is non-expansive, hence the above procedure (putting the linear
functional zero on the orthogonal complement) works.

But what about infinite dimensions? Is there still any extension of a functional on
W to a functional on all of V (even if this is a huge Banach space?). Secondly - even in
the situation just described - it is not at all clear why/whether it is possible to keep the
norm of the linear functional unchanged during this extension process.

Both questions have a positive answer in the HB-Theorem, which comes in many
different versions. It concerns Banach spaces which are vector spaces over the real or
complex numbers. Let us first consider the crucial version, which concerns the real case:

Theorem 7. Assume that Vg is a linear subspace of a real vector space V. We assume
that there exists a linear map fo : Vo — R, which is controlled by some sublinear function
p: V= R Y which means that

—p(y) < foly) <ply) ,Vy € Vy

Then there exists a linear form extending f defined on all of V, i.e. with f(y) =
foy), Vy € Vy, such that f is now also controlled by p in the sense of

—p(=v) < f(v) <plv) VveV.

Since p(y) = |ly*|lv+||yllB is the most natural choice for such a sublinear functional,

if y* is a bounded linear functional on Vo one finds among others also some extension
b* with [[b*|| 5+ = [[y*|lx--

NEEDS CORRECTION: MIX OF SPACE V', B ABOVE! MAYBE SEPARATE COROLLARY,
SEPARATION VERSIONS?

9This means that p is defined on all of V' and satisfies p(ax) = ap(x) for a > 0 and p(x; + x2) <
p(x1) + p(x2), Vx1,%2 € V.
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Here comes the revised version!

We describe first (following [11]) a real version of the theorem, which in fact makes
use of the total order of the real line! Since many important functionals on function space
(often called spaces of test functions) are generalized functions or measures, we denote
the functionals by the letters o (rather than v* or yx*). In other words the theorem
involves a normed vector space (V|| - ||), a closed subspace V; and the dual spaces V'
and V' P respectively.

Theorem 8. Assume that Vy is a linear subspace of a real vector space V.. We assume
that there exists a linear map oy : Vo — R, which is controlled by some sublinear function
p:V — R 19 such that p controls oy, i.e. oo(ve) < p(vo) , Vv € V.
Then there exists a linear form o € V* extending oy, i.e. which is defined on all of
V, i.e. with o(vy) = 00(vo), Yvog € Vy, such that o is now also controlled by p in the
sense of
—p(=v) <o(v)<pv) VveV.

Since p(y) = ||oollv||yllv is the most natural choice for such a sublinear functional
for any oo € Vi, one finds among others also some extension o with |o||y+ = ||oo|vy,
hence with ||o||v+ = ||oo]|v;

WARNING: SOME INCONSISTENCIES ABOVE

3.5 Existence of projections onto closed subspaces
NOTE: The simple relation

PP=P=(Id-P)?*=Id*—-2P+P>=1d—P (10)

shows that the existence of a projection means that the space can be split into a direct
sum! Indeed as we see from (10) above also Id — P is a projection, and furthermore it is
trivial to observe that Id = P + (Id — P), hence © = Pz + (Id — P)x, or X = X1 + Xa,
uniquely (!!, please check) with x; in the range of P, and x5 in the range of the projection
(Id — P).

The existence of such projections cannot be answered positively in the general case
(it is almost trivial in Hilbert spaces, because any subspace has an orthonormal bases,

and hence the projection can be written in the most natural way, almost as in R").
See [11], Satz 9.18, p.177:

Theorem 9. Let (V, ||-||v) be any normed space and let W be a finite-dimensional
subspace (dim(W) = n). Then there exists a continuous projection P from V' onto W,
i.e. (by definition) there exists a continuous linear map P from (V,||-||) into (W, |- ||v),
with P? = P.

Proof. Given a basis vy, ..., v, for W one can find a uniquely determined dual basis (!
cf. linear algebra course) ¢1,...,¢,, i.e. a family of linear functionals on W with the
property

de(vi) =0y, 1<kl <.

10This means that p is defined on all of B and satisfies p(ax) = ap(x) for a > 0 and p(x; + Xa) <
p(x1) + p(x2), ¥x1,%2 € V. The use of the letter p in this context is the traditional one.
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According to Hahn-Banach there exists bounded linear extensions v;,1 < k < n, resp.
vi(w) = ¢r(w),¥w € W. The possible extensions can then be given by

P(v) = ZV;(v)vj, vev. (11)

O

However it is not true at all that one can find for a general closed subspace W in some
normed or even Banach space any continuous projection having W as its range!! The
spaces with this property (they are called complemented subspaces) can be characterized
as follows ( [11], Satz 9.17, p.176):

Proposition 5. A Banach space B s the direct topological sum of two subspaces B
B, i.e. a direct sum with continuous projects on onto the individual subspaces if and
only if both spaces are closed.

Proof. The defining property of a projection, i.e. P? = P implies that the “complemen-
tary projection” defined by I — P. This is obviously also a continuous linear mapping,
and one has (I — P)> =1 —2P + P> =1 — P. Clearly I = P + (I — P), hence the
following information about the range of the two operators: Ran(P) + Ran(l — P) = B
and Null(P) N Null(/ — P) = 0 (check it out!).

Next we show that Ran(P) = Null(/ — P) resp. (changing roles) Ran(/ — P) =
Null(P). We just have to verify that the range of a projection operator is exactly the set
of all invariant elements. In fact, y € Ran(P) if and only if y = P(b) for some b € B.
But then P(y) = P?(v) = P(v) =y. Conversely it is trivial that y = P(y) implies that
y € Ran(P). Since null-spaces are closed also the range spaces are closed. So altogether
we have a splitting of B into the direct sum of the two closed subspaces, namely

B = Ran(P)® Null(P). (12)

Conversely assume that we have a Banach space which is the direct sum of two
closed subspaces B; and By (hence both of them are also Banach spaces with the
induced norm || - || g). Then the product space is a Banach space and the linear mapping
T : By x By — B, defined by T'(by,bs) = by + by is clearly linear, bounded and
surjective, in fact bijective (since it is assumed to be a direct! sum). By Banach’s (open
mapping) theorem 7' is an isomorphism, and the proof is complete. O

In the situation just described one calls B a topological direct sum of the two sub-
spaces By and By, and one may write

B = B,®, By

where the subscript ¢ indicates “‘topologically”!!.

Another immediate consequence of the Hahn-Banach theorem reads as follows:

1For non-closed subspaces one might have only a representation respecting the algebraic properties,
but not a continuous projection onto the direct factors. Hence we do not consider this case in the context
of functional analysis!
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Proposition 6. If W is a closed subspace of (V,| - ||) and vi € V.\ W. Then there
exists exists v € V* with v¥(w) = 0 Yw € W, but v*(vy) # 0.

Proof. We look at the quotient mapping 7 : V. — V/W. Since m(vy) # 0 (!) there exists
a bounded linear form ¢ on V/W with ¢(7vy) # 0. Obviously v* := ¢ o 7 is doing the
job. It is a bounded an linear mapping on all of V with the required property. O

By an indirect argument one derives from this result

Corollary 4. Assume that W is a subspace of a normed space (V,|| -||), with the
property, that every linear functional on (V|| -||) which vanishes on W must be the
zero-functional. Then W must be a dense subspace of (V.|| - |).

Corollary 5. For everyb # 0 € (B, ||-||g) there exists some b* € B*, with ||b*||g- =1
such that b*(b) = ||b||B.

Proof. This is just a consequence of the simple one-dimensional situation and the HB-
Theorem.

Reasonable?: It is convenient to reduce the discussion to the case that
|bl|s = 1 (by suitable rescaling of b, because the general case is easily reduced
to this special case).

First choose the one-dimensional subspace By := [b] of scalar multiples of b. This
is a closed linear subspace, and we can define ¢o(Ab) := A||b||g. This functional clearly
satisfies ¢o(b) = ||b||p and is of norm 1 on By (check!)."> By the HB-Theorem this
functional can be extended to all of B with the same norm restriction, as it was claimed.

O

Corollary 5 above gives one of the most important consequences of the Hahn-
Banach Theorem:

Theorem 10. For every normed space there is a natural embedding of B into the double
dual space B”, given by

ip(b)(b) =b'(b), be B,b cB. (13)

which is isometric, hence injective. In particular, ig(B) is a closed subspace of B" (with
its natural norm).

There is an immediate question coming up in this context: For which Banach spaces
is the natural embedding ip surjective, i.e. a bijection: ig(B) = B"? This situation is
important and deserves separate terminology:

Definition 14. A Banach space (B, ||-||g) is called reflexive if the natural embedding
ig : B — B" is an (automatically isometric) bijection between B and B”.

Remark 4. Often one finds the statement, that a Banach space of reflexive if and only
if (B, ||-|ls) is isomorphic to B” (as a naturally normed space). There are however
“exotic” examples of Banach spaces where such an isomorphism is possible even in the

12Gince b is normalized one has ||Ab|| < 1 if and only if [\ < 1!
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case that the Banach space is itself is not reflexive in the sense of the above definition
(see [10]).

For the family of LP-spaces one finds, that there is a natural identification of the
dual to (L”,|-|,) with (L%|-|l,), for the case that 1 < p < oo, with the pairing
1/p+1/q=1resp. 1/¢ =1—1/p. Note that sometimes people use the symbol p’ instead
of g for the conjugate index. The pairing is based on Hélder’s inequality, which implies
that under these circumstances on has

1S - glly < [[fllpllglle:  f € LP, g € L (14)

There is of course the convention that 1/co has to be interpreted as zero.

It is interesting to look at the unit balls of R?, endowed with the discrete £-norm,
with p ranging from p = 1 (most internal) to p large forming the outer boundary.

For the sake of completeness let us describe the situation in the form of a proposition:

Proposition 7. For any p € [1,00) the dual space to (B, |- ||g) = (L”, | -,) can be
isometrically identified with (L%, - ||,), in the following sense:
Given g € L? the functional o = o, € L" is given by

oy(f) = / f(2)g(@)de, feLP1<p< oo

and ||og|| v = ||gllq- Conversely, forp < oo every bounded linear functional on (L?, || - ||,))
1s of this form.
For p = oo the dual space of (Loo7 |- ||oo) 15 strictly larger than (Ll, |- ||1)
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3.6 Dual Operators and Annihilators

We first define the concept of dual operators. The mapping assigning to each bounded
linear operator a so-called dual operator, acting on the corresponding dual spaces, in
opposite order, corresponds in terms of linear algebra over R (using V. = R") to the
mapping A > A’ (transposition of matrices). In fact:

Any m x n-matrix A maps R" into R™. The corresponding dual spaces are obviously
the linear mappings from R™ resp. R™ into R, which are given by 1 xm (resp. n) matrices,
i.e. row-vectors of corresponding length. On those row wvectors the transpose matrix is
acting (from the right) by matrix multiplication: 7" is thus the mapping ¥ R™ — R"
(viewed as row vectors), with y + y * A",

In the reality of normed resp. Banach spaces one may thus expect that any bounded
linear mapping is inducing a “corresponding” dual mapping (going between dual spaces,
but in the opposite direction).

Definition 15. Given 7' € L(V,W) one defines the dual operator T" € L(W* V™) via
T'(w*)(v) =w*(T(v)), rtesp. T'(w*)=w"oT. (15)

The same definition, given in a slightly different symbolic notation makes things look
a bit more natural and we will therefore continue to use the dash-conventions in most
of our discussions about dual operators:

Definition 16. Given T' € L(V,W) one defines the dual operator T € L(IW' V') via
T'(W')(v) =w/(T(v)), resp. T'(W)=woT. (16)

The following lemma, also based on the HB-theorem, shows that the mapping 7"+ T”
is isometric.

Lemma 9. The mapping T — T' is an isometric mapping from L(V,W) to LW’ V).

Proof. First of all we show that [|T”|| < |[|7]]|, both norms taken in the respective
operator norm. By definition we have estimate that action of 7" on some element w’ €
W' with ||w'[|y < 1. For this we have then for any v € V' with ||v|v <:

T (W) = [W(TV)| < [IWllw 1T Hlvllv < 1T -
On the other hand we have (by the definition of the operator norm)

N7 = sup || 7"(W')[|v

Wl <1
which equals (written out in detail) the expression

sup  sup |wW'(TVv)]

Wl <1 lvllv<1

13Unfortunately there is a conflict of symbols between MATLAB, where A’ denotes the transpose
conjugate matrix, i.e. Zt, while the transpose matrix is obtained but the inline command A.
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but be changing the order of the sup one has

sup sup |[w'(TVv)|.
[vilv<t[lwfly<1

By the HB-Theorem the inner sup in this order equals ||T'v|w and hence we find that
N7l = sup [TV [w =TI -

Iviv<t
[l

Lemma 10. If T is an isometric isomorphism in L(V,W) then T' is an isometric'*

mapping in LW'V").

Proof. Given w' € W’ with ||w'|[w» = 1 we have to show that ||T"w'[[ws = 1. So we

take a look at

17w |y = Sup [TW' (V)] = supjijy <1l W (T'V)| = supjzv)y<1|W (V)| = supjujy<i|w'(a)].
v vgl

The last step is justified by the surjectivity assumption on 7'. Finally the last term equals
|W'||wr = 1, as claimed. O

I HAVE NOT CHECKED WHETHER IN EACH CASE ON CAN DERIVE THAT 7" IS AN
ISOMETRIC ISOMORPHISM AS WELL. PROBABLY IT IS!

Next we are going to verify what the adjoint resp. dual operator of some linear
operator is, resp. when a given linear operator on a Hilbert space is self-adjoint (i.e.
T =T).

CONVENTION Since the mapping (x/,x) — x'(x) from V' x V to the field R (or
C) is obviously a bilinear mapping, like the ordinary scalar product on R™, which maps
(7,7 to the real number (7, Y) := > iy TrYk it is customary in functional analysis
to also use the following alternative symbolic description for the duality of spaces

(v, V)vxv = (v, V) :=V/(v).

Given a nonempty set M C V resp. a non-empty set N C V' we define their
annihilators as follows
For a normed space (V, || -||) with dual space V'

M+ ={eV|{v,Vv)=0Vve M} (17)
N ={veV]|{v,v)=0VVv € N} (18)
Theorem 11. o The two sets M+ and * N defined above are closed spaces;

o for M # O one has (ML) or L(M*) = [M], the closed linear span of M in
(V. |- 11)- In particular -(M=*) = M for closed subspaces of V;

o ForT e L(V)W)
R(T)* = N(T") and R(T)=" N(T").
if R(T) is closed, then R(T) =+ N(T").

14Obviously isometric operators have norm 1, but the converse is not true, therefore the claim of this
lemma is not triviall
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3.7 Examples of dual and adjoint operators

Remark 5. Given a multiplication operator with some measurable function h, acting on
H = L*(R%), we write M, : f ~ h- f. Then T* = M;. Consequently we find: M, is
self-adjoint if (and only if!) A is a real-valued function.

Another nice example are convolution operators. For ¢ € L'(R%) (it is enough
to consider g € C.(R%)) one has: f — g * f defines a bounded linear operator on
(L*(RY), | -]l2), and in fact

ITl2 = sup [h(2)] < [lg]l1-
2€RY

I this case it is easy to find out that T™ is another convolution operator, namely using
the (convolution) kernel
g'(t) =g(-t),t € R

Proof. Using the standard scalar product for L*(R?) one has

(Mif.g) = [

Rd

h(t)f(t)g(t)dt y Ft)g(t) - h(t)dt = (f, Myg).

]

In order to illustrate this abstract concept let us give a couple of concrete examples:
First we define a family of isometric dilation operators on (Cy(R?), |- ||«):

Definition 17. Dilation operators on (Cy(R), | -||«) are defined by

It is easy to verify that

I1Dpflloe = 1fllee and  Dp(f - g) = D,(f) - Dp(9) (20)

The compatibility of dilation (as defined above) with pointwise multiplication can be ex-
pressed by saying that (D,),~0 is a group of isometric automorphisms of the (pointwise)
Banach algebra (Cy(R?), |- || ), with the following composition rule

D, oD,, =D =D,, 0D, and consequently Dp_1 =Dyy,. (21)

p1 p1-p2

We (re)call the dual space to the Banach space the space of bounded measures (this
is justified by another version of the Riesz representation theorem): (M,(R?), || - ||ag,) :=
(CHRY), |- llcy).

The motivation for this definition is the fact, that any bounded (and strictly speaking
regular Borel) measure g in the sense of measure theory (cf. real analysis courses) is
defining a linear functional o € M,(R?) via:

o(h) = / h(0)au(t), b e Co®Y; (22)

in conjunction with a classical theorem that any bounded and linear functional on
(Co(R), || ||so) is given in such a way. By turning this observation into a definition
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we have a simple approach to integration theory avoiding the cumbersome technicalities
of measure theory (but using general functional analytic arguments instead!).

Next we identify the dual operator for a given operator D,, now obviously acting on
M,(RY). We will call it the mass preserving dilation operator (stretching!®).

Definition 18.

St,:= D, L. [St,(0)(f) == u(Dpf), p#0, | € GolRY.

In order to see what this new (dual) dilation is doing on measures we check the action
on point measures. Recall that the so-called Dirac Deltas d, : © — f(x) is clearly among
the bounded linear functionals on Cy(R?), with ||d,]|as, = 1, V2 € RY.

Lemma 11.
St,0, = 0psy p# 0,2 € R

Proof.
(Stpda)(f) 1= 02(D,f) = Dpf () = flpz) = 0pa(f).
O

Obviously the single “point mass” concentrated at x is just moved to the dilated
position pz, without changing the amplitude. On can show (no details given here), that
even for general measures (and with a suitable definition of the support of a measure

(supp(p)) one has
supp(St,p) = p - supp(p), p # 0,0 € My(R?). (23)
DUPLICATE RESULT NEXT:?

Lemma 12. Assume that a bounded net (T,) which is strongly convergent to Ty on
(V|| - |- Then (T.(W'))acr is w*-convergent to To(w') for every w' € W',

Proof.
TL(wW)(v) = w'(Tov) = w/(Tov) = To(w')(v),

the convergence following from the assumption about the net of operators (strong con-
vergence) plus the continuity of the linear functional w’ on (W, || - [|w). O

The example of translation operators shows that one cannot expect norm convergence
of T, (w') to To(w').

Another question arises naturally: Can it happen that the w*- and the weak topology
coincide for non-reflexive (dual) Banach spaces, but this is excluded, since their duals
can be determined THIS STATEMENT SHOULD GO ELSEWHERE.

So there was a natural question: Can one show for certain sequences or nets that
they are w*-convergent, but not weakly convergent. Obviously one has to look at this
question in some dual space of a non-reflexive Banach space. The most natural choice
to think of is £ = (€', ||- ||1)/. Clearly 1 is not in the norm closure of the linear
span of the unit vectors (in fact it is clear that their closure is just (co, [« [|s0)). Since

15Tn German: Stauch und Streckungsoperator
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w*-convergence in £ is just coordinate-wise convergence it is clear that the sequence
yo = [1,1,...1,0,0...] = > ;_, e is w*-convergent to 1. In fact, one can make the
same statement for the family yp = >, ex where F' is running through the (directed)
set of finite subsets of the index set N (this setting applies to £>°([), for general index
sets in the same way!).

Now we want to explain that this sequence (or the corresponding net) is not weakly
convergent. Since the w*-limit is already uniquely determined we do not have to discuss
the potential logical possibility that it might be convergent but to a different limit. In
order to fulfill the claim it is enough to find at least one linear functional o € (£°°, || - ||oo)’
such that o(y,) does not converge to o(1).

Such a functional can be obtained via Hahn-Banach. We take the zero-functional on
¢y, and add the one dimensional subspace generated by 1. The resulting subspace of
(0, || -]l is then the set of all convergent sequences, with lim,_,. = a € C, because
they are exactly of the form y = al + z with z € ¢y. On this space obviously y — «
is a bounded linear functional of (functional) norm 1, which by Hahn Banach can be
extended to all of £°. Since ¢ vanishes (i.e. is zero) on ¢y we have o(y,) = 0 for all
n > 1 while in contrast obviously (1) = 1 # 0. This completes the argument.

3.8 Consequences of the Big Theorems

The theorems above have a number of important consequences. The Open Mapping
Theorem and Banach’s Theorem (establishing the homomorphism theorem) establish
the principle: If a mapping is bijective (i.e. invertible as a mapping from sets to sets) and
bounded, linear (i.e. a morphism in the category of Banach spaces, preserving linearity
and convergence) then it is also invertible in this category (the inverse is automatically
linear - as we know from linear algebra courses - and continuous, as these theorems tell
us.

The Closed Graph Theorem typically applies in a somewhat different situation. One
has a linear mapping, and wants to establish continuity. If there is some more coarse
topology on some ambient, i.e. larger topological vector space (still with the Hausdorff
property) then one can show that the identification task necessary to establish the closed
graph property can be carried out successfully. Hence, assuming that the mapping is
between Banach spaces one gets continuity for free.

Typical applications where such a situation occurs are BK-spaces. Think e.g. of a
pointwise multiplier from one sequence space (say ¢"(N) to another one, say ¢*(N)),
mapping one of the spaces into the other (for fixed values s, > 1).

It is trivial, that each of the norms has the property that convergence in the norm
of the Banach space of sequences implies pointwise convergence (for any p > 1 one has
lzx] < ||x],!) and also clearly any pointwise multiplication operator x +— z, with zj, =
xpmy, (for some multiplier sequence (my)ken is continuous with respect to coordinate
convergence (if |2} —uy| — 0 for n — oo for each k € N obviously also |(z} —ug)mg| — 0
for n — oo!). Hence it maps spaces (more generally so-called BK-spaces) into each other
if and only if the multiplication operator defines a bounded linear operator between the
two Banach spaces.

As a trivial special case one has (choosing the sequence my = 1): it Any embedding
of BK-spaces is automatically continuous, and consequently the norm on such a space
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is uniquely determined, up to equivalence.
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4 Banach Algebras and Banach Modules

Many of the Banach spaces which we meet have an addition structure. Let us therefore
, first of all, introduce the concept of a Banach algebra.

Many of the Banach spaces we encounter in functional analysis also have various
additional structures. The most important one will be Banach algebras (with some kind
of internal multiplication) and Banach modules, something on which such a Banach
algebra can act, very much like scalars act on a general vector space.

Definition 19. A Banach space (A, || -||a) which is endowed with an additional internal
“multiplication”, i.e. some bilinear mapping (a,b) — a e b, is called a Banach algebra if
one has the norm estimate

laeblla < llallallblla, Va,be A. (24)
A Banach algebra will be called commutative if
a; ®eas — as @ aj, Val,ag cA.

Of course mappings between two Banach algebras respecting this additional structure
are the appropriate homomorphisms:

Definition 20. A bounded linear operator from (B', |- ||V) to (B?, || - ||?)) is called a
Banach algebra homomorphism if products in B' are mapped into product in B?, resp.

T(aeb)=1T(a)«T(b), Va,b € B'. (25)

It is called a multiplicative linear functional if B*> = K. It is called a Banach algebra
isomorphism if it is a bijective BA-homomorphism!6.

Definition 21. A Banach space (B, || -||g) is called a Banach module over the Banach
algebra (A, ||-||a) if there is a bilinear mapping (a,b) — aob if the two multiplications
are compatible, i.e. if the following associativity result is valid

(aj®eaz)ob=ajo(ayob), Vaj,ap € A,b € B. (26)
and furthermore the norm estimate is valid:
laoblls < llallallblls, ¥a € A,bc B. (27)

More precisely, a Banach module satisfying property 26 above is called a left Banach
module over A while it is called a right Banach module over A if instead one has the
following variant of the associativity law (“as if multiplication took place from the right”
)

A simple finite-dimensional example of this situation is the following one (just to
give an idea). Let B be the set of all complex m X n-matrices, and A the set of all
m X m-matrices, with the module action being defined by A e B := A’ *+ B (matrix

16This is justified because in that case also the inverse mapping is automatically a Banach algebra
homomorphism!
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multiplication with the transpose matrix from the left). Since (A; * Ay)" = Al x A}
this is a (!) right module action, although matrix multiplication is done from the left
(otherwise it would not make sense). So it is the form of the associative law which
decides, not the position of the multiplication symbol!'”

(aj®eaz)ob=aso(a;ob), Vaj,a, € A,b € B. (28)

Of course there is only a difference if the Banach algebra is non-commutative.

The symbols used in the context should not matter, e.g. o, e - %, % or similar, and
most of the time the assumption refbanmoddef02 implies that it is convenient to use
the same symbol for both the internal and external action. Examples are pointwise
multiplication (denoted by -, convolution denoted by #, or composition of operators
with o as “multiplication”).

The concepts of Banach module homomorphisms and of Banach module isomorphism
is defined in a completely analogous way (cf. above).

We have immediately a couple of such Banach algebras.

We have already a number of examples:

Theorem 12. (C,(R?), || |l«) or (Co(R?), || - ) are Banach algebras with respect to
pointwise multiplication.

Proof. Of course formally the pointwise product is given by the standard convention
about pointwise multiplication. The pointwise product f - g is given pointwise via (f -
g)(z) = f(z)g(x),x € R Tt is clear (from analysis) that f - g is continuous. For any
x € R? one has

(F-9)(@)| = 1F(@)llg(@)] < [ flloollglloo,

hence the smallest upper bound || f - ||« will satisfy the required estimate

1F - glloe < I flcllglloos Vfs g € Co(RY). (29)
O

As an exercise we suggest to investigate the question, whether Lip («) is a Banach
algebra.

The other prototypical example of non-commutative Banach algebras are Banach al-
gebras of bounded linear operators on a fixed Banach space (B, || - ||g). As a special case
we have of course the algebra of n x n-matrices with respect to matrix multiplication.
Just as an exercise on terminology let us formulate the following

Lemma 13. Let V be an n-dimensional normed vector space over C, and let L(V') be the
algebra of bounded linear operators from V into itself, with composition as multiplication
and the operator norm
TNl == sup [T(v)|v- (30)
[viv<1
1s isomorphic to the algebra of n X n-matrices, with the operator norm over C", which
can be computed as the maximal singular value of the corresponding matriz A, resp.

o1 = /maz(eig(A' * A)).

170One could also multiply with the adjoint matrix (transpose conjugate) from the left, but this is a
bit in conflict with the notations for dual operators and therefore we avoid this as an example here.
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Theorem 13. For any Banach space B the space L(B) of all bounded linear operators
on (B, ||-||B), endowed with the operator norm and ordinary composition is a Banach

algebra. In fact, (B, ||-||B) is a Banach module over (L(B), ||| -l )-

Proof. 1t is obvious that £(B) is a linear space with the usual addition and scalar
multiplication, and it is easy to verify that 7' — ||| is actually a norm on £(B). It
remains to check that any CS (7,) in (L(B), |||-|l|) is also convergent to some T €
L(B). So we note that for any given € > 0 there exists ny such that m,n > ng implies
|HTn - Tm||| <e>0.

For this purpose consider the sequence pointwise, i.e. fix any b € B and look at the
sequence (7,,b), which is obviously a CS in (B, || - ||g), because

ITob — Toblls < [T — Tl bl 5.

For fixed n > ng (e.g. n = ng) we find that the completeness of the space (B, || - B)
implies that there exists some limit b’ € B of the sequence (7,,b),>;. Because the limit
is uniquely determined by b and the given sequence of operators we can define a new
mapping Ty : b — b’; or in other words, introduce the notation Ty(b) := b’ (as described
above). It remains to be shown (Exercise) that T} is in fact a linear mapping. Since we
have ||T,,(b) —T,(b)|| <& > 0 for all m > ng it follows that b’ = lim,,,_,+, T;,,(b) satisfies

b = To(b)|ls <,

hence both
[To()[| < 1Tl Ibllz + €,

i.e. boundedness of Ty with [||Ty|[| < sup,,s,, [|7%]]| and finally convergence of (75,) to Tp
in the operator norm, since for every b € B with ||b||g < 1 on has

|To(b) — T (b) |l < e >0, Vm > ny,

or equivalently
I1To — Tl <e>0, Ym > ny.
O

Remark 6. Observe that we have used the fact that a Cauchy-Sequence in a metric
space, here the CS (7;,) in (B, || -||B) is bounded, hence sup,,>, || 75| < oo.

4.1 Inversion in Banach Algebras

Many Banach algebras (such as (Co(R?), ||||)) do not contain a unit element, but
only an approzimate unity (approzimate identity)

Definition 22. Let (A, ||-||a) be a Banach algebra (typically without unit element).

A sequence, or in fact a directed family (! net!) (eq)acs is a (left) approximate unit for
(A, || -]|a) if for all a € A one has

Oéh_)noloHeoéoa—aHA =0. (31)
The Banach algebra (A, || -||a) has a bounded approz. unit if such a family can be chosen

to be bounded in the A-norm.
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Whenever there is a bounded family which is a candidate for being an approximate
unit it is enough to test it on a dense subspace, in fact, it is enough to test the action
on a total subset of (A, ||-]/a)-

Lemma 14. Assume that a bounded net (e,)acs Salisfies the relation

lime,ex =x, for xé& M,
(03

where M is a total subset, then it is an approximate unit, i.e. equation (31) is valid.

Proof. First we argue that the relation lim, e, ® x = x is valid for every x in the linear
span of M. This is checked easily (lexercise) using induction on the length of the linear
combination.

So it remains to proof the transition to the closure of the linear span (which by
assumption is all of A). Because we need the uniform bound on the family let us write
C :=sup, ||ea]|a. Obviously we may assume without loss of generality that C' > 1 (why?
find the easy argument for this claim).

Let now € > 0 be given and a € A be given. Then there exists x € span(M) with
la —x||a < e/3C. Choosing now « such that |le, e x — x||a < /3 for a > ap, we end
up with the estimate

lea e a—ala < eas(@a—x)]a+ eaox—xa+x—ala (32)
Obviously the first term can be estimated, for any o = «aq via
lea o (@—x)]a < llealla - la—xlla < C-2/3C =2/3.

while the second term is getting < £/3 for a > 4. The last term is even smaller than
the first one.
Choosing now some index ag such that asz = ag and as = «7 it is clear that the
required estimate is valid for this general a € A as long as o = as.
n

Sometimes it is also possible to “add” a unit element, i.e. to formally adjoin a unit
element (A, ||-||a), which typically consists in adding a copy of the unit element (and
its scalar multiples), or in other words form the direct sum of A and C, with suitable
multiplication and norm, very much similar to the construction of C from R, using pairs
of real numbers and define multiplication appropriately. We do not go into details here
(it is one of the exercises for the course).

However, Banach algebras having a unit element e with

eceea—a—aee

are of special interest. Within such Banach algebras invertibility can be discussed, and in

fact, quite general facts about invertibility can be derived using the idea of the so-called

Neumann series'®.

18Carl Neumann, not the famous John von Neumann, who was involved in the invention of computers
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Definition 23. Let (A, || -||a) be Banach algebra with (multiplicative) unit element e,
with ||e]|a = 1 (does not follow from the axioms). Then every element a with ||[a—el[4 :=
q < 1 is an invertible element in (A, || - ||a), and moreover

is absolutely convergent. Here we us the compound exponent ek to express the power k
with respect to the algebra multiplication and make use of the obvious estimate

Iy**lla < Iyl VkeN (33)

By assumption ||y||a = ¢ < 1 hence one obtains absolute convergence of the series in
(A, [[-]la) and [blla < 377 ¢" = ;. It is then easy to check that

O 0 WAED A DU
=0 k=0 k=1

i.e. that b=a"'in (A, || |a)- O

The proof also indicates how well the partial sums approximate the limit. Just con-
sider .

b= 3oy
k=0

then

n+1

b —bn[la < Z ly**lla < Z IIyIIA_1

k=n+1 k=n+1

indicating at least “linear convergence” (look at a semi-logarithmic description of the
decay rate!).
There is also an easy iterative way of computing b,,.; from b,:

bp=e, b, ;:=e+yb,.

please check! ) Idea: instead of adding a new term y**! the existing partial sum is
g g

multiplied by y, giving ZZill y*® which gives back b, ;; by adding the (now missing)
term e (corresponding to the k = 0-term of the sum).

For the convergence of the series above in fact the strong condition ||y||a can be
replaced by the much weaker condition

r(y) = limsup /||y*|la < 1 (34)

The number r(y) is called the spectral radius of y € (A, ||-||la). It is in fact a limit!
([11], p.61).
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The substructures in a Banach algebra (A, ||-||a) are either simple subalgebras (i.e.
linear subspaces, which are closed under the multiplication inherited by the big algebra)
and so-called two-sided ideals, which are closed subspaces I C A with the property that
Aele ACT.

The natural quotient can then inherits a unique multiplicative structure, via the
definition if a multiplication of classed, denoted by e,:

[ai]1e,[az]1 := [a; ® a;];. (35)

Of course the point is to verify (using the two-sided ideal property) to show that this
definition makes sense (i.e. that e, is well-defined) and that the quotient norm is sub-
multiplicative with respect to this norm! (could be an exercise).

A nice application of this (simple but important) principle in matrix analysis is the
following one:

Lemma 15. Assume that A is a diagonal dominant n X n-matrixz (real or complex), i.e.

a matriz satisfying
p = Mini<j<n [|aj,j| > |%k!] > 0.
ki
Then A is invertible.

Proof. In fact, one has to consider the matrix as an operator from (R" | -]|) into
itself. Then the corresponding operatornorm of 7' : x — A x x is give by the expression
(exercise)

n
TN = max > lajul.
k=1

1<j<n

Since a diagonal dominant matrix has evidently an invertible diagonal part D we can
look at the matrix B := A x D!, which means that we are multiplying all the rows of
A by the numbers dj_l = 1/a;;. Hence B has a diagonal consisting of ones, and thus

the operator norm of Id, — B on (R", |- ||») can be estimated by
> lajul/lagsl <1 for 1<j<n
k#j k=1

and hence ||B||| < 1, which allows to apply the Neumann series argument explained
above. O

In (numerical) linear algebra courses one can learn that for such matrices Gaussian
elimination without pivoting always works well, because the diagonal dominance can be
shown to be preserved during the Gauss procedure.

4.2 Examples of bounded linear operators

There will be many more of those operators in the future. First a selection of operators
which are isometric (up to some constant), i.e. with the property that 7'/ is an isometry,
for a suitably chosen value A\ which may depend on the space under consideration.

e translation operators 7. f(z) := f(z — z) on (L*(RY), |- |I,);
e dilation operators St,f(z) = p~of(z/p), for f € L'(R?).
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4.3 Banach algebras with convolution

Among the most interesting Banach algebras are the convolution algebras (for many
reasons, to be explained later). Typically one starts with the introduction of the Le-
besgue space (L'(R?), ||-||1) of Lebesgue integrable functions, or more precisely with
the Banach space of equivalence classes of measurable functions, where two functions
which coincide almost everywhere, we write f(z) = g(x)a.e. (almost everywhere) or in
other words where the set where the set {z | f(z) # g(z)} is a nullset in the sense of
the Lebesgue measure. Unfortunately this approach requires to study measure theory
and in particular the Lebesgue integral, at the end to understand that (L'(R?), ||- 1)
is a Banach space with respect to the (well-defined) norm || f||; := [o. |f(x)|dz, contai-
ning C.(R?) as a dense subspace. Also, making use of Fubini’s theorem one finds that
(L'(R), [|-]l) is even a commutative Banach algebra, with the multiplication being
the so-called convolution.

Of course, technically speaking one has to show that this is defining a new equivalence
class (which does not depend on the representative of f resp. g), that the procedure is
associative etc. etc..

The classical definition of the convolution of two sequences is modeled after the so-
called Cauchy product of sequences, which arises in a natural way through the pointwise
multiplication of polynomial functions (and if one wants of Laurent series which allow a
finite range of negative powers, of course only for non-zero arguments).

In standard mathematical definition we have for a sequence (ag)f_, of coefficients of
length K + 1 (the order of the polynomial is the length of this vector) resp. of degree K:

P(2) = pul2) = Y et

and the pointwise product of p,(z) with ¢,(z) equals r(z) = r.(2), with

Cp = Z agb; = Zakbn_k = Zan_jbj; (36)
k=0 j=0

k+j=n

Clear enough the product polynomial is of degree N = K + J (sum of the degrees of the
factors), as the highest monomial from each term is meeting only the highest term from
the second factor to give the (single) coefficient of 2¥ = 25 . 27.

It is a well known and now obvious fact that the set of polynomials as a commutative
algebra under pointwise multiplication, hence the set of “finite sequences” (meaning
sequences on Ny (natural numbers including zero) with only finitely many non-zero
entries (K describes the position of the highest order term) is closed under the Cauchy
product. We will call this a discrete convolution.

Now it is interesting for us to even put a norm on this algebra, namely the £'-norm:

o0
lalle = llally == laxl,
k=1

where of course the sum is finite. The following estimate establishes submultiplicativity
of this £*-norm:
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Short proof of the statement in class:

0
Cx = E asbkfs
k=0

00 o0 k
el = S lerl = SIS aube | < by A

k=0 k=0]s=0
© k

< Z Z|as||bk_s| = | important! (37)
k=0 s=0

= ZZMskufs‘ = set j =k—s
s=0 k=s

=D > ladlby] = (38)
s=0 j=0

=D lad Y _Ib; = llall:[1Bl}x
s=0 j=0

From (1) to (2): In order to obtain |a,||b,| in (2) (for some fixed p,q € N), take
k=p+q,s=pin (1).

Similarly one can write the Cauchy product for Laurent sequences, but even for
sequences non-zero at any coordinate k, as long as the sequence (ay)gez is absolutely
summable, i.e. a € £' or (by definition) [|a|[x = 3", , lar| < .

Since this implies both the convergence of the part with positive and negative powers
for |z| < 1 and |z| > 1 respectively, the overall sum is certainly convergent for any
z € U:={z||z| = 1}, the unit circle or 1D-torus.

Coming to the domain R or R? it is therefore natural to ask that (first only)
f,9 € L*(R%) should have a convolution, but it is also possible to convolve two L?*(IR%)-
functions, according to the following rule, featuring first the convolution defined in a
pointwise sense 9.

Definition 24.

Prow) = [ ate-nstn= [ ooy =( [ Tarwa) @, f.9¢ Cm)
39

FOR NOW take the first expression as the definition, later on we will see that also
the second and third expression (vector-valued integral with values in a Banach space)
are meaningful, as limits of Riemannian Sums (which form a Cauchy net!).

It is easy to verify the following properties of convolution (Exercises): Convolution is
commutative (i.e. fxg(x) = gxf(x)) and bilinear ( for example f*(g1+92) = f*g1+ f*go
as functions!) etc., and even associative, i.e.

fx(g*h)=(f*g)*h,

19We will learn elsewhere about the relevance of the concept of convolution, e.g. for the description
of translation invariant linear systems!
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at least in the sense of classes. We do not claim that the iterated convolution product
exists for a given point x in one case if it works for the other, but this is a minor concern.
Due to the associativity it is justified to just write f * g x h and use the “x” symbol as
a kind of multiplication.

There are different arguments that can be used to verify that convolution makes
sense. First of all let us recall the so-called Cauchy-Schwartz inequality which will be
used to ensure the existence of the convolution in the case that both factors are L*
functions (in fact classes):

The Cauchy-Schwartz Inequality

[(f,9)] < /Rd |[f(@)llg(@)ldz < [|fllgellgllge, VS g, € L*(R). (40)

From this equality it is easy to derive that
1f % glloe < Ifll2llgllz Vf. g € LA(RY). (41)
Proof. Let us first define the FLIP-operator: h" () := h(—z). 2 O

Let us observe that the convolution product can be recast as a scalar product in the
case that the factors are both in L%

frglz) = (f,Tu(g"))* (42)
It clearly implies via CS (40):

[f * g(@)] < N fll2Teg” 12 = [1f 1120192, (43)

because obviously g — ¢ and g — T,g are isometric (in fact unitary) operators on
(L*(RY), || [|2)-

WORK in progress: It is also possible to show the submultiplicativity of the L'(R%)-
norm:

1F % glle < I fllllglh ¥f,g € LY(RY). (44)

20There is not much uniqueness in the literature in the choice of symbols for this simple and quite
important operation. Think of plotting the graph of a function on a transparency and look at it from
the backside! We follow [15].

21Later on we just write T,g¥ .
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5 Different kinds of convergence

It is clear that in a space which is endowed with a metric one has a natural concept of
convergence and of Cauchy sequence, hence of density, totalness, separability, etc.., but
for a given space there are important other possible ways of convergence, in particular
for spaces of operators or functionals. For them (as for general functions over general
sets) the concept of pointwise convergence is of great importance. Since in this case the
topology may perhaps not be described by just looking at sequences (and even if it was
like that, in many situations naturally more general forms of convergence appear) we have
to talk about the more general concept of Moore-Smith sequences or (better actually)
nets, which may be convergent or Cauchy nets etc. and allow to describe topological
facts more properly.

As a kind of training let us recall that important topological concepts can be cha-
racterized in many cases making use of sequences only. Thus we have in a metric space
(hence in any normed space), correct statements of the form:

e A point vy € V belongs to the closure of a set M C V if and only if there is a
sequence (vg)52, in 'V such that v = limg_ooVi.

e A mapping between metric spaces is continuous if and only if convergent sequences
are mapped into convergent sequences (with the correct/natural limit), i.e. if and
only if

rpy —x9g = flag) = f(xy) for k — oco.

e A normed space is complete if every Cauchy-sequence is convergent.
e Any Cauchy-sequence is bounded.

Where in analysis have we seen already “generalized concepts of convergence”? Let
us quickly recall a few situations:

® 1o = [1Mg o0 Tg;

lim, oy f(z) = a;

o limy oo €¥ = +00.
i Z(k,n)EZXZ Cnk = b3
e The Riemannian sums converge to f; f(z)dx for every f € C([a,b]);

There are various “general principles” connected with the use of NETS versus SE-
QUENCES. On the one hand topology (in its most general setting) enforces the use
of nets, simply because it is NOT sufficient to consider sequences in order to reach a
point in the closure of a set M (the intersection of all closed subsets containing M,
resp. the smallest closed subset of the ambient topological space X containing M). This
is in particular the case of the topology does not allow for a countable basis of the
neighborhood-system (of the zero-element in a vector space). In this case it is at least
plausible that a countable family (any sequence contains only countably many elements)
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may not suffice to “reach the limit”, while nets (typically with a much larger, but less
sorted, and certainly not totally ordered, index set) will do the job.

For this we need the definition of an directed resp. oriented set is required. At first
sight it looks similar to that of a semi-ordering, but there are differences, as we see:

Think about this: What should be the concept of a subnet of a given net (x4)acr. Of
course this concept should a natural generalization of a subsequence. In other words, if
we consider an ordinary sequence ()7, as a net (which we can do!), then the usual
subsequences (zy,)22 ; should be special cases of the (still to be defined) concept of a
subnet (see later/below).

The answer can be found in Kelley’s classical book on topology ( [12]), p.70.

Exercise: Let I be any countable index set (e.g. Z",n > 1), and assume that the
net » .. X; is convergent in a normed space (V, || - ||), with limit s € V. Then for any
enumeration 7 : N — I the series ) 22X~ is (unconditionally) convergent.

Definition 25. A subnet of a given net (z,)acr is obtained by means of a cofinal mapping
from another index set J. By this we mean the following situation. We assume that

e [ is directed by means of some orientation >;

e The index set J is endowed with another orientation, let us write J
(for the sake of distinction);

e a mapping ¢ from J to I is called cofinal %2 if for every o € I there exists some
Bo € J such that
BdB = ¢B) = . (45)

In such a situation the mapping ¢ : J — X, given by 8 — x4 is called a subnet
of the original net (z,). Instead of writing (x4(s))ses we simple write (23)se .

There are various alternative ways of looking at the concept of subnets. One of them
(compatible with the view on subsequences) is the idea that one has a subnet, if the
labels (the indices § attached to elements) are attached to the elements of the /set!
which is generated by the net (z,), i.e. a mapping from the directed set J into the set
{a,a € I} C X (which is of course different from indexed family (z,), e.g. because in
(Za)aer repetitions are possible and such nets are not just subsets of X). So the only
requirement is that the indexing using the 8’s should reach “arbitrary strong” values
within the set.

[ was doing a plot with blue ( = old, original) labels from I and red (= new, J-labels).

In this context we have the following interesting situation, which does not have any
analogue in the case of a subsequence (except a trivial one): It is possible to have a
situation that two nets (z,)aecr and (xg)ger are subnets of each other without being
equal (in a trivial sense).

Note that in many cases the mapping ¢ used to generate a subnet is preserving
“orientation”, i.e. has a kind of monotonicity property, as we are used to have it in the
case of subsequences. However we mention explicitly that this is not required here (in
order to obtain stronger statements!). If such a monotonicity is available it is of course
enough to assume that for every aq there exists some fy such that ¢(f5,

22Warning, this terminology is not at all standard, but hopefully intuitive!
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5.0.1 Examples of subnets

The following cases are (hopefully) obvious:

1. Any subsequence of a given sequence is also a subnet (of both sequences are con-
sidered as nets, mapping (IV, >) to the given set X; Both I,J are the set N of
natural numbers, with the natural (!total) ordering. The mapping ¢ is what is
usually described by sub-indexing, i.e. the mapping n — k,, describing the sub-
sequence. In fact it is clear (by induction) that k, > n because by the general
convention about k,, > k,,, or expressed differently: ¢ is assumed to be a strictly
increasing (monotonous) function from N to N.

2. The x1, x4, x3, 25, 76, . .. is a subnet, but NOT a subsequence (because monotoni-
city is violated (but it is not requested for subnets);

3. The sequence x1,x9,xo, 3, T3, T3, T4 ... 1S again not a subsequence, but it is a
subnet. In other words, repetitions are allowed in the context of subnets!

4. xy,%9,T1, T3, 21, T, 1,25 ... 18 not! a subnet of the sequence (zy)72, because it
is not cofinal (over and over again there are elements with the fixed index 1 are
occurring!

5. any permutation of a sequence, i.e. a new sequence generated from a given sequence
(xx)52, via some bijection m : N — N, leading to a new sequence (hence net) (2(,))
can be considered as a subnet. In particular one can argue (mostly for the sake of
training of ideas) that the stability of convergence behavior of a sequence under
permutation of the index set is a consequence of the fact that subnets of convergent
nets are convergent and have the same limit. (see Exercises).

Lemma 16. Let (vg)ges := (Vo(s))ses be a subnet of a Cauchy-net (Va)acr-
Then the following statements are valid:

o Any tail, i.e. the subfamily of elements with indices o = g is a subnet;
o (vg)pes is also a Cauchy-net;
o if (vg)gey is convergent, then o is (Va)acr-

Proof. For the first claim check the definition. One just has to take J := {o € I, = ap}
and ¢(a) = «. The main conditions for subnets can be verified (try it yourself, it was
done in the course) by making use of what has been called the majorization property for
nets.

Next we show that the convergence of a subnet of a CN (Cauchy net) implies the
convergence of the net itself. This results isolates nicely the logical basis for such an
argument (the corresponding condition for CS is done in the exercises) and also exhibits
that the very weak request made in the definition of a subnet (without any monotonicity
requirement) is still strong enough to verify (technically) this result:

Given € > 0 we can find ag such that

[Va — Varlla <& for a,a = ag.
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Choosing now (according to the definition of subnet, using the cofinality condition) £,
such that for § 3 fy the elements v := v are such that ¢(f) = ap it is clear that
the “tail” of the subnet (the elements having labels stronger than /3y in the subnet) are
part of the a tail O

Let us formalize the term “tail” (non-standard, no good reference, again: hopefully
intuitive):

Definition 26. Given a net (v, )acr in some set V we call the family (v, )asa, the tail
of the net, starting at o € 1.

Remark 7. In many cases (e.g. subsequences) the mapping ¢ is monotonous

Similarities and Differences: Sequences and Nets
In many cases the use of nets allows to consider just more general convergence struc-
tures (such as Riemannian sums with general subdivision). It is remarkable that com-
pleteness with respect to sequences (the usual CS-criterion) is also implying convergence
of Cauchy-nets (due to the fact that the e-balls with radius 1/n or 27" (for example)
form a countable basis of the neighborhood system of each element v € (V|| - ||).

5.0.2 Similarities

e all Cauchy nets are convergent if and only if the space is complete;
e a subnet is convergent if only the net itself is convergent;
e for Cauchy-nets the converse is true;

e continuity/boundedness of linear operators can be characterized by the preserva-
tion of convergence of nets;

5.0.3 Dissimilarities

e a Cauchy-net, even a convergent net, does not have to be bounded ;
e two nets can be mutually subnets of each other without being equal;

e a subnet can be obtained from a given sequence by arbitrary permutation of the
element and finite repetition of each of the elements;

Lemma 17. A sequence (y,) is a subnet of a given sequence (xy)5, if and only if each
of the elements from the original sequence (x)5, is chosen (if at all) at most finitely
many times.

Proof. Just the starting point. A sequence is obviously just a net with a specific index
set N, oriented towards oo, i.e. with the natural order (satisfying the properties of an
oriented set, with the majorization being just the usual game: Given ni,ny € N it is
clear that ny = max(ny,ns) satisfies ng > ny and ng > no.

Now one has to verify that the request coming from the subnet definition are (logi-
cally /practically) equivalent to the situation described in the lemma.

For now this is given as an exercise. O
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5.1 Cauchy nets in Banach Spaces I1

THIS PART WAS TYPED PREVIOUSLY, USING DIFFERENT CONVENTIONS

Definition 27. A net {f,}aca in a Banach space 2 is said to be a Cauchy net if for
every € > 0, there is a ap in A such that aq, as > ag implies || fa, — fau]| < €.

Proposition 8. In a Banach space each Cauchy net is convergent. Consequently a
normed space is complete if and only if every Cauchy net is convergent®

Proof. Let {fa}aca be a Cauchy net in the Banach space 2. Choose «; such that
a > a; implies ||fa — fai|| < 1. Having chosen {aj}7_; in A, choose a1 > a, such
that o > ;41 implies
1
a” Ja < — .

Hf f 7L+1H n + 1
The sequence { fa, }72, is clearly Cauchy and, since ¢ is complete, there exists f in ¢
such that lim, o fo, = f.
It remains to prove that lim,ca fo = f . Given € > 0, choose n such that % < 5 and
| fa, — fIl < 5. Then for o > o, we have

o= IS W = fonll Mo = fll < 5+ 5 <.

2
A similar argument can be used (by choosing e = 2") can be used to prove that a
normed space with the property that every absolutely convergent series is also (norm)
convergent is enough to show that the Cauchy-sequences exist. (this is the way how the
proof was given in the course on Thursday, 24th of October).
m

Definition 28. Let { f,}aca be a set of vectors in the Banach space 2. Let # = {F C
A : F finite}. If we define F} < F, for F} C Fy, then % is a directed set. For each F

in .7, let gr = > fo. If the net {gr}res converges to some g in S, then the series
acl

> fa is said to be (unconditionally) convergent and we write g = > fa.

acA acA

Proposition 9. If { f,}aca is a set of vectors in the Banach space 2~ such that Y || fall
acA

converges in the real line R, then > f, converges in Z .
acA

Proof. 1t suffices to show, in the notation of Definition 28, that the net {gp}rc# is
Cauchy. Since > ||fa|| converges, for € > 0, there exists Iy in .# such that F' > F

acA
STl = 3 lfall < e

aceF acFy

implies

23For the practical use of Banach spaces this is the more convenient characterization of completeness,
while for the verification of completeness it is of course easier to just verify the convergence of Cauchy
nets or even better, the convergence of absolutely convergent series.
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Thus for Fy, F5 > Fy we have

HgFl_gFQH = Zfoc_z.fa
acFy acFy
= | X fem X fe
aEF\Fo a€R\Fy
< Dl Y il
a€F\Fp a€EF\Fy
< Z ||fa||_Z||fa||<€'
acFUF> acFy
Therefore, {gr}res is Cauchy and > f, converges by definition. O]
a€cA

Corollary 6. A normed linear space 2 is a Banach space if and only if for every

o
sequence {fn}22, of vectors in 2 the condition Y ||f.|| < oo implies the convergence

n=1

of i fo.

Proof. If 2 is a Banach space, then the conclusion follows from the preceding propo-
sition. Therefore, assume that {g,}52, is a Cauchy sequence in a normed linear space
£ in which the series hypothesis is valid. Then we may choose a subsequence {g,, }32;

such that > ||gn,,, — gn,|| < 00 as follows: Choose n; such that for ¢, j > n; we have
k=1
llg; — g;]| < 1; having chosen {nk}{cvzl choose ny.1 > ny such that ¢, 7 > ny,; implies

lg: — g;]] < 27N, If we set fr = gn, — Gn,_, for k > 1 and f; = g,,, then kz:lekH < 00,

and the hypothesis implies that the series > fi converges. It follows from the definiti-

k=1
on of convergence that the sequence {g,, }32, converges in 2" and hence so also does
{9.}52,. Thus 2 is complete and hence a Banach space. O

Theorem 14. Let (B, ||-||g) be a Banach space. Then every Cauchy net (z,) in
(B, || |lB) is convergent, i.e., there exists xy € B such that for every e > 0 there exists
some index o such that o = ag implies ||z, — zo||B < €.

Proof. First we select a Cauchy (subnet, resp. ) sequence (z,, ), in the following way:
For every n € N there exists o/, such that for a, o’ with a = o/, and o > o, implies

|z — zo|lB < 1/n.

We may choose ) = o (6% > (o7 o, ag > a1, 09 ok, inductively.
1 - y Loy, 43 2 ) s (X3,
It is clear that we have thus

1
Hxak _xamHB < E for k,m >n.
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By the completeness of (B, || -|/g) this sequence will have a limit, let us call it x.
Although we do not claim that the Cauchy sequence chosen in this way can be considered
as a subnet ?* we can obtained the required estimates using it.

In order to verify convergence of the Cauchy-net itself let £ > 0 be given. Choosing
n such that € > 1/n we can use «, etc.

%o = 20l B < [[Xa = TallB + (|40, —@0llB <&, Va iz a.

]

HINT: In Heine’s book [9] one finds a general argument, why for pseudo-metric spaces
the completeness assumption (involving sequences only) is equivalent to the convergence
of Cauchy-nets (Satz 3.1-2).

5.2 Banach’s fixed point theorem

Valid in general metric spaces one has:
Certainly relevant for many applications:

Theorem 15. For every contractive mapping S : (B, ||-|s) — (B, ||-|l8) which is
contractive, i.e. satisfies for some v < 1:

I5(b)[s <~|bls, Vvbe B, (46)

then there exists a unique fix point be B, i.e. with S(E) =b

Proof. 1t is easy to verify that S"(by) is a Cauchy sequence in (B, ||-|/g) for any given
(starting point) by € B. Consequently it is convergent. In addition it is easy (!the reader
is still encouraged to check it!) to verify that the limit b := lim, .. S"(by is in fact a
fix point for the mapping S and also the uniqueness of the fixed point. In particular the
limit b does not depend on the choice of the initial value by € B. O

5.3 Strong Operator Convergence

The typical case of pointwise convergence is in the context linear functionals or operators.

A net (T,)aes is convergent in the pointwise sense if lim,, T, x exists for any z € X. If
each of the operators Ty, is a linear one the limit depends linearly on the argument, hence
Tox := lim, T,x defines the limit (in the strong operator sense). (verifying linearity is a
good exercise).

Lemma 18. The net T, is strongly convergent (to the operator Ty) if and only if for
every finite set F' C X and € > 0 there exists some index o such that

|Tox — Toz||p < e Va = ap.

24The notion of a subnet requires that it is “cofinal”, which seems to be difficult to prove, if not false
for the general case, but we will not need any argument of the form: “ if a subnet is convergent, then
the Cauchy-net is convergent itself” instead we can argue directly:
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Proof. The formulated condition implies of course the strong convergence, because one
can choose F' = {x}, an arbitrary one-point set.

Conversely, strong convergence plus the axioms concerning directed sets imply the
condition, through a proof by induction. For sets F' of cardinality 1 this is just the
assumption. Assume that it is valid for sets F' of cardinality n, we have to show that it
is true for sets with n 4+ 1 elements.

We may assume that F with elements z,...,z, is OK and x,,; is an additional
element. Given € > 0 there exist two indices «; for the finite set F' and ay for . Choosing
then as = oy and a3 = ag we have for a > a3

| Towzy — Toxk||lp <e Ya=as k=1,...,n+ 1.

A typical “application” (making future proofs easier) is based on the following

Definition 29. A ! bounded ! directed family (a net or sequence) (hq)acr in a Banach
algebra (B, |- ||g) is called a BAI (= bounded approximate identity or “approzimate
unit” for (B, ||-||B)) if

li£n||ha-h—h||B =0 VheB.

The terminology of (lone approximate unit, meaning one family) is mostly justified
by the following lemma:

Lemma 19. A Banach algebra (A, ||-||a) has an approximate identity if and only if
there exists a bounded net e, with

limse,oa=a, for acA. (47)

Proof. The validity of 7?7 implies of course the existence of elements satisfying the above
definition.

Conversely, one has to form such an indexed family (e, )aqes, given the validity of the
definition. For this purpose one generates as index set all pairs (F, ¢), where F' is a finite
subset of A and € > 0.

The main step (more or less allowing to give an inductive argument) is the following:
Given aj, ag, which (for simplicity of the argument) may be assumed to be normalized,
i.e. satisfy ||a;||a = 1,1 =1,2..

If we assume there exists C' < oo (the uniform a priori bound) such that for every
ac A and ¢ > 0 one can find h € A with®

|hjja <C and |hea—ala<e. (48)

So we have ||h; e a; — a;||a for i = 1,2.
As an index set one can choose which consists of pairs of the form (F,¢), where
F C A is any finite set of elements from the algebra A and € > 0. As usual the natural
order on these pairs in term of the size of F' and the smallness of ¢.
O

For details of the proof one probably can look up the Lecture Notes of H. Reiter [13].

250ne way of looking at this assumption is to say that there is no price to be paid, in terms of an
increased norm of the element h serving as replacement of the identity element, for better and better
approximation. Instead, the costs are known to be controlled independent of the smallness of € > 0.
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5.4 Iterated limits of nets and interchange of order

The following result should be compared with a theorem on iterated limits provided in
Kelley’s book ( [12], p.69).

Lemma 20. Assume that (Ty)acr and (Sg)ges are two bounded nets of operators in
L(V), which are strongly convergent to limits Ty, and Sy resp. i.e.

T,v) =limT,(v) VveV and Syw)= lién Sgw) VweV.

Then the net (T, o Sg)(a,p (with index set I x J and natural order®) is also strongly
convergence, with limit Ty o Sy, i.e. for each v € V one has:

To[Sov)] = [To 0 So] (v) = lim [T 0 S5] (v). (49)

In detail: For any v € V and € > 0 there exists a pair of indices (o, By) € I x J such
that for every a = ag in I and B = By in J implies

1T6(So(v)) = Ta(Ss(W))]| < e (50)
In particular we have in the sense of strong limits:

Ty o Sy = lim lién Tpo0Ss= lién lim 7, o Sj (51)

Proof. Note that |||T,||| < C < co. The statement depends on the following estimate
ITa[Ss(v)] = TolSoWI| < [[TalSs(v)] = Ta[SoWI| + I Ta[So(V)] = To[SoWIIl - (52)
The first expression can be estimated as follows:
1T [Ss(v)] = Ta[SoWI| < 1Tl 1S5(v) — SoW)|| < C|Ss(v) = Sow)l,  (53)

which gets < £/2 for 8 = [y (chosen for £/C'), while the second term can be estimated
by
| Ta[So(v)] = To[So(W)]]| < e/2, (54)

for any a with o > ag (choosing w = Sy(v)).

Finally we have to check that the validity of (54) implies that also the iterated limits
exist (of course with the same limit). We elaborate on the first iterated limit ( namely
lim, limg) because the other one works in the same way®’. So for the situation in (50)
we can first fix any a and look at the net (7,(53(v)))ses. By assumption the limit
So(v) = limgSs(v) exists. Since T, (for fixed a first) is a bounded linear operator also
the following limits exist and can be estimated by

| T6(So(v)) — Ta(lién Ssv))|| <e, ifonly o> ap.
Setting wy := Sp(v) we see that by assumption also (7,(wy)) is convergent, and of
course the last estimate remains true in the limit (due to the continuity of the norm),

hence
| To[So(v)] — lim li/gn TS| < e.

Since € > 0 was arbitrary, equation (51) is valid. O

260f course I and J may have completely different order!
27Observe however that the order in which the operators are applied does NOT change!!!
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Remark 8. Note that only the boundedness of the net (7,) is only required, not that
of (Sg). Moreover, in the case of sequences (instead of nets) the uniform boundedness
principle can be applied, which tells us that the strong convergence of operators implies
the norm convergence of the corresponding sequence. This situation could be formulated
as a corollary then, i.e. strong convergence of (7},) and (S) implies

lim lillgrn T.[Sk(v)] = To[So (V)] = lilgn lim 7, [Sk (V)] (55)

A very special case of this situation occurs in the context of (double) Banach mo-
dules. Assume that (hs) is bounded approximate unit in (Co(R?), ||-||) and (g.) an
approximate unit in (L'(R?), |- ||1).

Lemma 21. For f € (L*(R?), ||-]l,),1 < p < oo, one has norm convergence:

limliénga*(hﬂ-f) = liénlimga*(hﬁ-f) =f= limlién hg-(gaxf) = liénlim hs-(gaxf) (56)

Remark 9. The same relations are valid for f € Sy(R?), just assuming that (hg) is a
bounded approximate unit in (FL'(R?), || - || L1). Typically it could be the dilation of
the form (D,h(z)),>0, for some h € FL*(R?) with h(0) = 1, where p = po if p < po.

Corollary 7. Assume that (€,)acr and (€j) are two bounded approzimate identities in
a Banach algebra (A, || -||a). Then (e, ® €3)(,p) is a BAL in (A, |- |la) as well, with
the natural “orientation” on the index set I x J.

Applying a simple induction argument one obtains from this the following fact:

Corollary 8. Assume that (€,)acs is a bounded approximate identity in a Banach al-
gebra (A, ||-||a). Then (e((;k)) is a BAI'in (A, ||-||a) as well, for every k € N.

There is a completely similar argument applicable (hence left to the reader) in the
following situation:

Proposition 10. Given three normed spaces V, W and X we consider a a bounded,
bilinear mapping B from 'V x W into X, i.e. a mapping B which is linear in each
variable and satisfies for some C' > 0:

I1B(v,w)|lx < Clvllvlwlw, VYveV,weW.
Then for any two convergent nets (Va)acr and (Wg)ges one has

B(vo, wp) = lim) B(Va,Wg), (57)

(a8
and in particular (as a consequence of (57))

B(vo, wp) = lim li[gn B(va,Wg) = lién lim B(v,, Wg). (58)
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5.5 Strong operator convergence and dual operators

Convergence of operators (in the operator norm) implies (and is in fact equivalent) to the
convergence of the adjoint operators, since clearly 7' — T" is isometric (see above) and
compatible with additivity ( > Exercise). However often one has only strong operator
convergence, and then a separate consideration is needed.

Recall the following definition:

Definition 30. A bounded net (7,)qe;r of operators in L(V,W) is strongly convergent to
To € L(V,W) (equivalently one says: the convergence takes place in the strong operator
topology) if one has “pointwise” norm convergence in (W, || - ||w):

lioI[nTa(v) =Th(v) VvevV, (59)

Note furthermore that due to the boundedness and linearity of the operators it is
enough to test for the validity of (30) on a total subset for V resp. for v from a dense
subspace of of (V, |- ||v)-

Our simple observation is the following one. If the net (or sequence) of operators,
applied to an arbitrary element v € V' shows norm convergence one (only resp. still has)
w*-convergence?®, if one applies the corresponding net of dual operators to any given
w e W

Lemma 22. Assume that the bounded net (T,)aecr is strongly convergent Ty, then the
dual operators, applied to any w' € W', i.e. the net (T, W')qecr is (at least resp. still)
w*-convergent, i.e. one has

vw' e W': lién[To’lw/] (v) = [Tyw'](v), Vv e V. (60)

Proof. The proof is quite straightforward, following the definition. Since the net is boun-
ded the same is true for the net of dual operators, hence the net (7., w’),e; is bounded
for each w' € W', According to the definition of the dual operator one has

[TwW'|(v) =W (Tyv) = W' (Tov) = [Tyw'](v). (61)
]

A variant of this proof would allow to replace the fixed w' € W' by a net (wj)ses
with limit (in the w*-sense!) w{, and still have convergence (of the iterated limit)

[Towi](v) = wi(Tov) = wi(Tov) = [Towo](v). (62)

There are other things to be observed, since one has now three! topologies (resp.
modes of convergence of nets) we should take care a little bit about the hierarchy of
those types of convergence (and also the corresponding notions of continuity of linear
mappings 7).

For example we have seen (check once more) that a linear operator between dual
spaces, e.g. the dual operator 7" € L(W’, V') for some T' € L(V, W), i.e. maps conver-
gent nets in the domain (with norm convergence) into equally norm convergent nets in
the range space.

28To be discussed later on!
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Now we have e.g. w* —w*- continuous operators 7', which means that v{, = w* lim, v,
in V' implies T'(v()) = w*lim,7T'(v)) in W'.
In principle one can also mix topologies and ask about operators which convert one

of the type of convergence of nets into another:

Lemma 23. The convergence in norm implies weak convergence in a normed vector
space. If the vector space is the dual of some other normed space (e.g. V.= W'), we also
have the w*-convergence, which follows in turn from weak convergence.

Proof. That norm convergence implies weak convergence is an easy exercise. Now assume
that you have weak convergence of a net (w)) in V.= W’ with limit wy, and you want
to verify that this net is also w*-convergent to the same limit.

The main tool is the Hahn-Banach theorem, resp. its corollary showing that the
natural embedding iw : W — 1w (W), given by

w(w) =w'(w) YweW

defines an isometric (!) embedding from W into W”.
Now given w we have to check whether

limw, (w) = iw(W)(w,,)
is convergent, but obviously iw(w) defines a linear functional in (W’)’, and hence by
assumption (of weak convergence) we have

iw (W)(wg) = 1w (w)(wp).
[l

Knowing that different topologies correspond to different types of convergence we
may have in fact different set of “continuous” linear functionals. For example, a linear
functional o (a linear mapping with values from the vector space into the field C or
R) is continuous with respect to the w*-topology if and only any w*-convergent net
(v!,) is mapped into a convergent net of (complex) numbers, i.e. o(v)) — o(vy) in C.
Clearly any (ordinary) such continuous linear functional also respecting the ordinary
convergence (which is a stronger assumption), so can search for those (new) linear w*-
continuous functionals among the elements of the ordinary dual space V'.

Therefore the following result (important, but for now without proof) about dual
space (i.e. the description of all continuous linear functionals):

Theorem 16. e For any normed space V the dual space of V with the weak topology
is just V';

e For any normed space V the dual space of V' with the w*-topology is just V.

e In particular, if (B7 |- ||B) is a reflevive Banach space, then the dual space of B’
with the weak topology is just B.

290ne can show that w*-convergence is equivalent to weak convergence of nets, i.e. the converse below
is true if and only if the underlying Banach space W is reflexive!
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Proof. Just comments first: The first statement says: Although the convergence in the
weak sense is typically strictly weaker than the concept of norm convergence (i.e. there
are almost all the time weakly convergent nets which are not norm convergent. Still there
is the same dual space, i.e. one has to verify that any linear functional which respects
norm convergence is automatically respecting weakly convergent nets.

The other statement says, that if only w*-convergence is used, one really does not
have the same (full) dual space, but just those functionals within W” which are coming
from the original space W via the natural embedding! (once more: this is not a proof
but just an explanation of the view!)

Finally it is clear that for reflexive space there is no difference between the w* and
the weak topology, and thus we are again in the situation of the first case. O

MAYBE PLACED AT A WRONG POSITION

5.6 A number of simple applications in HA

e For zy € ¢ we may consider the net (7,).cy as a net, directed by “closeness” to
xo. It is easier to formulate the condition here for metric groups ¢, where one can
simply define y = z if d(y, zo) < d(x, o).

e Similar one can take the operators (D,) oriented towards py (e.g. po = 1) with
p1 = p1 if d(p1, po) < d(p2, po)-

e Again assume ¢ to be a metric group (for simplicity), such as R?. Consider the
family (Spy ), where W is running through the family of all BUPUs, with ¥; »= W, if
|Wq| < |Wql, where || is the maximal support size of U = (¢;);er, i.e. the infimum
over all 4 > 0 such that

Vi € I :supp(¢;) C Bs(i),
for suitable families (z;);c;.

It is then interesting to look at the corresponding dual operators. Of course, the
given operators can be viewed as a bounded family of operators on different spaces, and
therefore the dual operators, defined on the corresponding dual spaces, may appear as
quite different.

First let us consider the case (V, |- [|v) = (Co(R?), |- |l=), because this is a rather
concrete and simple space. The dual space is (by convention, chosen here) just the space
of bounded measures on R, i.e. (My(RY), || -|lag,) :== (Co(RY), |- llcy), by definition.
Remark 10. It is not difficult to check that the mapping, which assigns to each ope-
rator T € L(V) the corresponding dual operator 77 € L(()V') is an isometric anti-
isomorphism of Banach algebras, since (T} o Ty) = Ty o T7.

Bounded families of operators on (Cy(R?), || -[|«) then correspond to bounded fa-
milies of operators on the dual spaces. In other words, we consider the mapping T+ T”
as an isometric mapping from £(Cy(R?)) to L(My(R?)).

Remark 11. Just for the sake of completeness let us recall that the dual operators of the
operators defined above are easily identified, e.g. by their action on typical representa-
tives of the dual space.
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Lemma 24.
T/(52> =0zt

x

Proof.

[
This example also shows that one cannot expect to have for all w' € Cj(R?):
[T (w') = To(w')|lgg — 0 forz — 0.
Next we look at the dilation operator:
Lemma 25.
D, (6.) =6,., p#0,z¢€R%
Proof.
[D,(6:)](f)0=(D,f) = f(pz) = 8p:] (f).
[
Many of the linear functionals on (Co(R?), || - [|l«) are in fact given by ordinary func-
tion, which create bounded linear functionals via integration: For g € (L'(RY), |- [|)
one finds that
Ho(f) = [ fl)g(@)de, fe Co(RY). (63)
R

Applying the adjoint dilation operator to such a function shows that for “ordinary func-
tions” the dual of the (value preserving) dilation operator is an integral (hence L'-norm)
preserving dilation operator (going in the opposite direction).

Lemma 26. For any g € L'(R?) one has:

D, 1yl = pin,  for h = Sti/no g,

where we may define St via

St, g(x) = v~ g(z/7).
Finally let us compute the action of the dual operator to Spy on (M;,(R?), | - [|as,):

Lemma 27. Given any partition of unity W = (¢;);e; one has
Spy/ (1) = Du(p) ==Y p(th)ds,.
iel
Proof. One can in fact show that this sum is absolutely convergent and that u =
> icr Vit is also absolutely convergent, with 0, ; [[1ip]| ag,ray = || 12]| agy (R2)- O

There are several concrete situations in analysis where in fact w*-convergent nets
are considered. The most popular occurs in the description of the Riemann integral on

(CD), [ - lloo)-
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Proposition 11. For every pair of Banach space (V, ||-|v), (W, |- |lw) and any T €
L(V,W) the operator T" is an extension of T to an operator from W" to V" i.e. 3

T(iv(v)) = iw(T(v), veV.

In particular, for the case W =V one has: For any T € L(V') the operator T" :
W" — W" leaves the closed subspace iy invariant and can be “naturally identified”
with T on this subspace.

The situation can be well described by the following diagram:

\% T_"> w"
Ul Ul
v L w

Proof. Of course we will make heavy use of one of the important consequences of the
Hahn-Banach Theorem, namely the fact, that due to the existence of plenty of linear
functionals the natural embedding ig (for any normed space B), given by

ig(b)(b') =b'(b), be B,b eB. (64)
So we have to check on the action of 7" on iy (v).
T"(iv(v)) (W) = iy (v)(T' (W) = [T'(W)](v) = W' (T (V) = iw (T(v))(w').
[

An easy example (where of course a more direct argument could be applied) is given
by the following situation. Consider W = V = cosp, endowed with the sup-norm. Then
it is not difficult to verify that V' = (€', ||-|;) and furthermore V" = £, again with
the sup-norm (and the natural embedding is just the usual embedding from ¢y into £°°.

Assume that one has a multiplication operator, which acts [boundedly] on ¢g: T :=
My : x — z := x. xy (in the sense of pointwise multiplication: 2, = z,, - y,,n € N).
Clearly such an operator has closed graph and therefore has (!) to a bounded operator,
which in turn implies that x (the multiplier sequence) has to be a bounded sequence,
i.e. z € £°. Obviously T” is just the same operator, but now considered on £', while 7"
is now the same multiplication operator, viewed as operator on £>.

5.7 Weak versus w*-convergence

There are various types of convergence which are weaker than the usual norm conver-
gence. In fact all of them correspond to topologies which turn a given vector space in
to topological vector spaces (which means, that addition and scalar multiplication are
continuous operations with respect to the given topology). We do not want to go deeply
into abstract set-theoretic topology, but it is convenient to note that one simply has to
replace the collection of e-balls around zero by other systems of neighborhoods of the

30Here we denote by ip the natural embedding of B into the double dual space B”.
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origin (the zero-element 0 € V'), which can then be “moved around” (any neighborhood
of v € V is just a neighborhood U of 0, shifted to the position v, i.e. of the form v+ U.

The two most important are the so-called weak convergence in an arbitrary normed
space, and in the case of a dual space one has (in addition to the weak convergence) also
the w*-convergence.

Definition 31. For a normed space (V, ||-|lv) the concept of weak convergence is
described as follows:
A net (vy)aer is weakly convergent with limit vo € V' if one has

limo(vy) = o(vy), VYoe V™.

Note that, although the norm is not playing an explicit role in the definition of weak
convergence it still is important in this definition. Since a stronger norm (think of a
more sensitive measurement) has fewer convergent nets, hence more continuous linear
functionals the reservoir of linear functional varies (potentially considerably) with the
norm.

In fact the following observation is a good exercise about weak convergence:

Lemma 28. Assume that a normed space V' is continuously embedded into another
normed space V? as a dense subspace. Then weak convergence of a net (Va)aecr within
V! implies weak convergence of this net as a net within V2.

Proof. Since V! is continuously embedded into V2 every continuous linear functional
on VZ is also a continuous linear functional on V''. Alternatively, one can argue, that
one has

IV[® < C-v|W, v e VY,

hence for any o in the dual space of V2 one has
oI < ol VI < C - oy v ®

This implies that every bounded linear functional with respect to the coarse norm defines
also a bounded linear functional in the stronger sense. On the other hand the density
assumption implies that the mapping o — 0|2 is in fact an embedding, i.e. is injective
(and not only bounded).

Since there are (potentially) more bounded linear functionals on the smaller space
(with the more sensitive norms) the weak convergence induced from the strong/sensitive
norm implies the weak convergence with respect to the less sensitive norm?!. O]

Remark 12. Tt is also clear that in the case of a basis for the dual space it may not be
necessary to test for weak-convergence for an arbitrary element o € V*, but rather for
the elements of a basis of this space. If the net is a priori bounded in the norm it is even
sufficient to check the convergence for a generating system! (Exercise).

For example: What does it mean to have weak convergence in £°, for 1 < p < 00?
We claim that this is just coordinatewise convergence (at least for bounded nets this is
an easy exercise). To be discussed (hopefully) later on.

31Tn other words: the hierarchy of convergencies which is valid for the norms is - given the density of
embedding - also covariantly, meaning in the same direction, going over to the weak convergence.
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First of all it is clear that x — x4 is a bounded linear functional on (€, |- |,)
(due to the trivial estimate |zx| < ||x||,!) and consequently 0y : x — ) is a bounded
linear functional. Thus the definition of weak convergence for (x,)aes to some y € €7
immediately implies the convergence in each coordinate, i.e. (x4 — yi for each k € N:
(once more: each Jj is one of the possible set of all bd. linear functionals that have to
respect convergence).

Conversely, assume that we have a bounded net (x,)ae; with Cy := sup,, ||X,||, and
ask, whether for a given bd. linear functional o € £ one can guarantee convergence
of 0(x,) (in C), assuming only coordinatewise convergence. By taking differences (x,
minus the limit) one may assume without loss of generality that the limit is just 0 € £°.

Knowing that the dual space of (£°,]-|,) is just (€% |-|,), we know that there
exists a (uniquely determined) sequence z € £7 such that o(x) = >,y 2kZx.. Using
next the fact that ¢ < oo (because p > 1 was assumed!) we can find for every € > 0 some
K > 0 such that (3, |21]?)"? < . Defining y € £? by y, = z, for k < K and zero
for k > K we have thus ||y — z||, < ¢, and consequently (using Hoelder’s inequality)

0(%0) = 7y (xa)| = 17—y (%) < 11y = 2lgxallp < 2 €
for all a€l. Now given € > 0 and having chosen K as above one can find an index (using
the rules of the convergence of nets, plus the observation that there is only a finite!! set
of indices k = 1,2, ..., K which has to be observed) in order to find out that there exists
some ag such that for @ > ag one can be assured (as a consequence of the coordinatewise
convergence) that one has (just a finite sum!)

oy (%a) = 0y (0)] < D Izkle, (o)l < Dk = 15|z [6k(xa)| < &

k=1

e.g. by making every term smaller than ¢/(K]|z|,)-

Definition 32. For a dual V" of a normed space (V/, || - ||v) the concept of w*-convergence
is described as follows: A net (v/,)aers is w*-convergent in (V*, || - ||v+) with limit vj, € V*
if one has

limv/ (v) =vy(v), VveV.
Lemma 29. Weak convergence within (V*, || - |lv+) implies w*-convergence. Obviously
the two concepts coincide if 3 the Banach space (V, ||+ ||v) is reflexive.

Proof. 1t suffices to observe that the w*-convergence can be considered as weakening of
the concept of weak convergence. In fact, it restricts to necessity to have convergence of
o(v!,) to those elements which are in the image of V' within V", since for them we have
obviously

iv(v)(v),) =V, (v),veV.

For reflexive Banach spaces there are simply “no more functionals than those”. The
comment (see footnote) is less obvious (but still true). O

32, and in fact only if.
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Remark 13. Just a hint: since (as a consequence of the Riesz representation theorem,
which allows to identify the dual space of a Hilbert space H with the space itself (in a
“natural way”) one can show that “of course” every Hilbert space is reflexive. Hence we
have at least for Hilbert space the coincidence of weak and w*-convergence.

Remark 14. Historical remarks concerning w*-convergence, in connection with the cen-
tral limit theorem: there one may understand where the word “weak” comes in (the star
simply refers to the fact that one is having a net or sequence in a dual space, hence V'*).

5.8 Characterizing weak convergence in Banach spaces

We want to demonstrate now that Thm. (9) (which was an immediate consequence of
the Hahn-Banach theorem).

Theorem 17. A net (vy)aer in a normed space (V' ||-||v) is weakly convergent to
vo € V if and only if for any finite-dimensional subspace Vi and any projection P onto
such a space the net (P(vy))acr is convergent (to P(vy)) in (V, || -|v).

Proof. Assume that one has a net which is weakly convergent to vy. Then the proof of
theorem 9 implies that the projections onto the finite dimensional space can be written
(I' any such projection can be described using a basis, not necessarily the biorthogonal
basis,... to be explained a little bit better!) using continuous linear functionals. Hence
(using the finiteness of the sum) one finds that also the projections onto arbitrary finite-
dimensional spaces will converge properly (and of course towards P(vy)).

Conversely, assume that any finite-dimensional projection applied to the net (v,)
produces a norm convergent family. We still have to show that then weak convergence
follows. Hence one should be able (lopen now) to show: For any given v € V* we
have to make the connection between functionals and finite dimensional subspaces of
V. Of course, the null-space N of v/, i.e. Ny := {n,v'(n) = 0} is a hyperplane, i.e.
codimension one. Expressed differently, using the quotient theorem 21 implies that V' /IN
is isomorphic to C (resp. K). In fact, for any v; ¢ IN one has v/(vy) # 0 (otherwise v’
would vanish on all the elements of V, because V decomposes into a direct sum of IN and
the (one-dimensional) linear span of vy in V. The projection onto the one-dimensional
generated by v; assigns to each Av; the value v -\ (for some fixed v # 0, depending on
the choice of vi). But the restriction of v/ onto this one-dimensional space if also non-
trivial, hence another (non-trivial) multiple of A, hence knowing convergence of P(v,)
onto the one-dim. subspace generated by vy is just the same as knowing the convergence
of v/(v,) to (obviously) v'(vy). O

WE ALSO HAVE TO DISCUSS THE UNIQUENESS OF THE WEAK LIMIT, ANO-
THER CONSEQUENCE OF THE HB THEOREM!

There is also the concern, how to describe a basis of the neighborhood of 0 € V' for
the weak topology. As such one can choose some finite subset F' C V* and ¢ > 0 and
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define
UF,e):={veV |V (v)<eW € F} (65)

The neighborhoods for 0 € V* for the w*-topology looks quite similar: Given any finite
set £ CV and € > 0 we define

V(E,e) :={v e V'||V(v)| <eVveE} (66)

The comparison of the two topologies, when applied to V™ is again based on the fact
that iy (E) C (V7).

From these descriptions it is also clear why it is necessary to go to nets (and not to
restrict the attention to sequences) in order to describe continuity of convergence.

5.9 Dual and adjoint operators for Hilbert spaces

We are discussing in this section that the adjoint operator is more or less the same as
the adjoint operator (which is only defined via the scalar product in the Hilbert space,
which in turn allows to identify the dual space of the Hilbert space with the Hilbert
space itself, using the so-called Riesz representation system.

The idea is relatively simple: Given an operator T € L(H) there exists the dual
operator 7" € L(()H'). Since (via Riesz Repr. Theorem) H = H' (well, it is not an
isometric isomorphism of Banach space, because it is anti-linear, i.e. does not completely
respect scalar multiplication) this means that it also can be viewed as an operator from H
to H. Given 'y € H we view it as a linear functional oy € H', with oy (x) = (y,x)3, Vy €
7, and by the definition of the dual operator 7"(cy ) is a well defined linear functional,
which can be represented by a uniquely determined vector (let us call it) z € H, i.e.
(x,2z)y = T"(0y)(x),Vx € H. By the definition of the dual operator we ave

T'(oy)(x) == 0y (T'(x)) = (T(x), y)n

and using the definition of the adjoint operator T we see that
(x,2)n =T"(0y)(x) = (x,T"(2)n,

or in other words, T™(y) is just the element which corresponds to the image of 7"(cy).
So all together we have

Opely) = T'(oy),Vy € H. (67)

5.10 The Banach-Alaoglu Theorem

One of the most important existence theorems used in many applications to obtain
(e.g. in the context of PDF) from a bounded sequence of approzimate solutions a “true
solution” to a given problem, or an element, which has “some ideal property” (as the limit
of elements which have this property more and more) is the Banach-Alaoglu theorem.

It states, that the unit-ball B;(0) C B’ (consequently any w*x-closed, bounded
subset) in a dual space is compact in the w*—topology.
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Theorem 18. The unit ball B1(0) = {b'|||b||gr < 1} is compact with respect to the
w*-topology, or in other words, any net (by,)acr in Bi(0) there exists a subnet (b})ses
which has a w*-limit by within B;(0).

Consequently By(0) is weakly compact in (B',||-||g’) if (B, |-|g) is a reflezive
Banach space, but also the converse s true.

Note that it is part of the claim that the unit ball of the dual space is not only closed
with respect to the very strong form of norm convergence, but also (as a consequence
of the PUB!) closed with respect to the much coarser w*-topology. Since the increased
coarseness of the topology allows for many more convergent sequences and indeed nets
the closedness property is in fact a stronger one! (to be discussed also in the exercises).
This is one of the important theorems®? in functional analysis. See also

http://de.wikipedia.org/wiki/
Satz_von_Banach-Alaoglu#F.C3.BCr_Banachr.C3.A4ume

For the proof of this theorem one makes use of one of the strong results from general
topology: the product of an arbitrary family of compact topological spaces, endowed
with the correct, i.e. the product topology (the topology of pointwise convergence, if we
view the product space as a space of functions over the index set) is as again a compact
space. The strength of this result is partially due to the fact that arbitrary index sets are
allowed, which in turn makes it necessary to use the aziom of choice resp. Hausdorff’s
mazimality principle, see

http://de.wikipedia.org/wiki/Hausdorffs_Maximalkettensatz

We do not give a proof here, but rather point out the two main steps that are used
in the argument (aside from the power of Tychonoff’s product result):

e First of all the elements of B;(0) are considered not as functions on the full Banach
space (B, Il - HB), but rather again only on the unit ball B;(0) C B. Clearly, if
linear functionals from B’ are known on B;(0) it is trivial to know their (using
scalar multiplication for dilation) on all of B (simply because for A = 1/||b||g one
has b’(b) = b’(Ab)/)). In this way the range of b’ on B1(0) C B is compact (!)
within C!

e Secondly one needs to show that the linear functionals are a w*-closed subset
within this collection. But this is easy, because the linearity can be characterized by
pointwise relationships, namely b’(b; +bs) = b’(b;) +b’(by) and b’(yb) = vb’(b)
and if a net of (linear) functionals (bl,).es fulfills these conditions and is pointwise
convergent also the limit is satisfying this condition. Indeed

b6<b1 + bg) = lim b/a(bl + b2) = lim b/a(b1> + b/a(bg) =

33The validity of this theorem is also one of the reasons why the w*-convergence has to be discussed
in a FA course! The final/additional claim characterizing reflexivity via the weak compactness of B1(0)
is usually not part of the B-A theorem, but has been added for convenience of the reader here. Maybe
it should be given as a separate statement.
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= lim b/, (by) + lim b/, (by) = by(b;) + by(b,)
and by a similar argument by, is compatible with scalar multiplication.

This results is given in most functional analysis courses and books (e.g. [4,17]).

5.11 The dual of B’ with the w*-topology

Motivation: We know from linear algebra, that the set of solutions to the homogeneous
system of linear equations described in matrix form, i.e. the matrix equation A *xx =0
is just the kernel of A or Null(A), and is known to be the orthogonal complement of
the rowspace Row(A) of C" (for a typical m x n-matrix), actually it should be seen as
the column space of the adjoint operator (matrix) A’ = (A").

In fact, each line in the system of equations describes a hyperplane, where the cor-
responding row vector is used as a normal vector (to describe the hyperplane). In this
way the system of equations expresses that a solution to the homogeneous system of
equations has to be a vector perpendicular to each of the row vectors, but any such
has to be orthogonal to any linear combination of row vectors (whether they are line-
ar independent or now, they are by definition a spanning set for the row space), i.e.
x € Null(A) = x L Row(A).

A technical lemma in this (linear algebra) spirit needed for the subsequent proof is
the following one:

Lemma 30. Given a finite set of linear functionals F = (k;)i_, in the dual space of
some normed space (V.|| - ||), and one additional linear functional ko € V' with the
property that

Nr, Null(xy,) € Null(q). (68)

Then kg is just a finite linear combination of the given functionals, i.e. there are coeffi-
cients (cx)E_, in C such that kg = Zszl CrK;-

This is Prop. 1.4. of Appendix A in [4].

Proof. One can reduce the problem to the situation that for each j € 1,... K
Mig Null(s;) € NG Null(ky), (69)

i.e. Null(k;) actually contributes to the intersection of null-spaces®!. In fact, after elimi-
nating possible unnecessary functionals from F' one still has the same intersection, but
a “minimal set” of linear functionals with the same intersection of null-spaces.?

340One may think that otherwise it is already a linear combination of the other ones and therefore one
does not have to make use of it.

35This is, slightly in disguise, the assumption that one may - without loss of generality - assume that
the finite family F is linear independent in B’, resp. that one should select from a given set a linear
independent set of generators and work from that.
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Assuming the validity of (69) we can find for each j € {1,..., K} some v; € V with
v; € V such that k;(v;) # 0 but x;(vy) = 0 for k # j. Of course one can assume (after
rescaling of the elements v; found in this way that

kj(vi) = 6;, (Kronecker Delta function) (70)

In other words, the vectors (v;)i, are a set of linear independent vectors such that
(k;)i_, (the given [linear independent!] sequence of linear functionals) are biorthogonal
to those chosen vectors.3¢
Similar to the way in which one expands a given functional on a space into a linear
combination of dual basis vector elements we can now obtain the given functional xg:
Once the sequence (vj)szl is given one can define a mapping v — v on V as follows:

K

v=> ri(V)vj,

j=1

and consequently one has for 1 < k < K, due to the biorthogonality property (70).

Z“J v)ri(vy) = kr(v),

or all together
V—vE ﬂjl-il Null(x;).

We can now consider any rq satisfying the assumption (68) that

K K
Ko(V) = Zl-{] V)ko(V;) Z (v;)55]( (71)
7j=1 7=1
which is exactly the claimed statement, with ¢; = ko(v;), for 1 < j < K. O
KRk Kk Kk Kk

Remark 15. In spirit also quite close to the well known fact that one has in the finite
dimensional setting, for any finite set /' C V:

c (FH*t = v, € span(F).
sk sk ok ok ok ok ok

We are now going to show that any w*-continuous linear functional xy on a dual space
B’ is the linear combination of a finite set of elements of the form ig(b;),1 < j < K. So
in fact we will derive directly from the w*-continuity that there is such a finite set. So
our functional k¢ will be a w*-continuous functional on V = B'.

36The situation is in fact very much the same that one has by showing that on the vector space Z3(R)
of cubic polynomials the sequence of Dirac measures dy,,0z,, 05, and d,,, defined via §,(p(t)) = p(y)
(evaluation mapping) are linear independent (and hence a basis for the 4-dim. dual space of the four-
dimensional space Z5(R)). The basis (alternative to the standard basis of monomials for #3(R)) is
then the family of Lagrange-Interpolation-Polynomials. Just look at Hk;ﬁj(x —ay) for j € {1,2,3,4}
and one will find exactly the situation described for the elements (v;) above, in the abstract setting!
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Since it is w*-continuous it is also norm-continuous, i.e. ko € V' = B”, but we have
to search whether kg has extra properties. The assumption certainly implies that one can
find for any ¢ > 0 some w*-neighborhood U of 0 such that b’ € U implies |ko(b’)| < e.
Since a basis for the neighborhood systems of the form U(F,¢’) is known we can find a
finite subset F' C B, say {by,...,bg} and ¢’ > 0 such that

Ib'(by)| <& forl <k< K = k(b)) <e. (72)

Now we just view for each such k by b’ — b’(by) = ig(b;)(b’) as a linear functional on
B’. Note that certainly b’ € Null(ig(by)) implies that (72) can be applied and implies
|ko(b)| < e according to (72). But also Ab’ is in the same nullspace for any A € C, so
we conclude that

|Al|ko(D')] = |ko(AD')| <& VA e C.

but his obviously implies that ky(b") =0 € C, or b’ € Null(ky).

The above argument shows that the w*-continuity of ko € B” puts ourselves into the
situation described in the above lemma (with xx = ig(bg),1 < k < K) and so finally
we have verified that

(B',w*) = B.

This completes the proof.

As a consequence one can say: If one has an operator which is mapping (B’, w*)
continuously into itself, then it has a dual operator which maps the dual spaces, which
are in fact the dual, which are in fact (cf. above) the pre-dual spaces (in the general case
of two dual spaces, both with their w*-topology). In this sense we have

Theorem 19. Any bounded linear operator T from (B',| - ||g’) into itself which is also
wwst-continuous is the dual operator of some (uniquely determined) operator S € L(B).
In fact, the mapping S — T = S’ is a surjective and isometric mapping from L(B) into
the subspace of L(B') which consists of all w*w*--continuous linear operators on B'.

Proof. Tt is a good exercise the verify that any dual operator T := S’ is not just norm-

continuous on B’ (with ||T||gr = |||S]|z ) but also w*w*-continuous.
The converse follows from the general considerations about the w*-dual spaces and
dual operators (well: now for the topological vector space (B, w®). O
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6 Standard Material which can be done anytime

6.1 Quotient Spaces

In the same way as within groups the “sub-objects” are subgroups (and not just sub-
sets), and linear algebra linear subspaces are natural objects one has to deal with closed
linear subspaces in the case of functional analysis. The natural “morphisms” (structure
preserving) applications are of course the bounded linear mappings resp. boundedly in-
vertible bijective linear mappings (called isomorphisms of normed spaces). Using these
to terms one can come up with the natural identification of the range space of a linear
map with the quotient of the domain of the linear map, divided by the null-space of the
linear mapping.

Recall the following situation in linear algebra (perfectly expressed by the SVD, the
singular value decomposition). There is even an orthonormal basis vy, - - - v, in the row
space of A (better: the column space of A’) with r = rank(T), such that T : x — A %X,
maps this system onto an orthogonal basis of the column space of A.

Definition 33. For any subspace W C V the quotient V/W consists of equivalence
classes of elements, given by the equivalence relation x ~w y if x+ W =y + W. In
fact, x + W is the equivalence class generated by x and x ~ y if and only if x —y € W.
Sometimes we write also [x]w for such an equivalence class.

Lemma 31. The quotient V/W, endowed with the natural addition 37
(x1+ W) 4 (x2+ W) 1= (x1 +x2) + W

i.e. we define
Xlw +o Xw = [x1 + x2]w

and the natural scalar product are (obviously) again a vector space.
Theorem 20. The mapping [x|w — ||[X]w]|, defined by
= inf
1wl = inf {lx+wllv} (73)
is a norm on the quotient space if (and only if) W is a closed subspace of V.
Moreover, if V is complete, then also the quotient space V /W is a Banach space.

Proof. The first part, including the “if and only if” statement, is left to the reader. It is
interesting to see how the closedness comes into the game here.
For the completeness let us use the criterion involving absolutely convergent series.

Assume we have completeness of (V| || -||v) and a sequence (x,,) is given, with
Y lxalwl =€ < .
n=1

Since for fixed n € N the quotient norm of the element is given as an infimum it is
always possible to find some w,, € W such that for any fixed and given € > 0 one has:

I1xnlwll = %0 + Wnlly +27"¢.

37 Just here we write +¢ for the quotient addition, because it is a new addition.
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Then it is clear that also the series v := Y - | X, + W, is absolutely convergent, in fact
Vo = X9 + Wo with

00
I<ollv <> lIxallv
n=1

and

[e.@]
Iwollv <Y~ [wallv <e.

n=1

Hence the class [xo]w has a representative with

Ixo +woll <D Ixalwll +e=C +e,

n=1

but this is valid for any € > 0, and consequently one has
I[xe]wll < C.

The convergence of the partial sums follows now easily by repeating the same argu-
ment to the tails of the series.
Given ¢ > 0 there exists n; € N such that

oo

S ixdwll <6,

n=ni+1

which implies that as a consequence this series is convergent as well, and the limit is
obviously the class [xolw + > .., [X,]Jw. The above argument (replacing C' above by 0

now) implies that
N

Ixolw — Y Balwl <6,

as long as N > ny, and thus the proof is complete.

6.2 Finite Products of Banach spaces

Product: The (set-theoretical) product of two normed spaces can be endowed naturally
with various different, but equivalent norms, for example |[(x, y)|| = max(||x]|, [|y||), or
Gz, )l = Nzl + llylD) or ¢z, y)ll2 = /(=] + ly]]?)-

For any finite Produkt the with respect to any of these norms is in fact equiva-
lent to coordinatewise convergence in the product space, i.e. norm convergence in the
appropriate norm of the component.

sieche Ubungen

There is also a quite natural isomorphism theorem, which generalizes the fact that
in linear algebra matrix multiplication by some matrix A establishes an isomorphism
between the range space of the matrix, i.e. the column space of A, and the row-space
of A (hence row-rank equals column-rank), which can/should be identified with the
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quotient space of the domain (usually R™) divided by the Null-space (A) of the mapping
x — A xx. In fact, it is well known that R" = Null(A) @ Row(A), as an orthogonal
direct sum (resp. Row(A)* = Null(A)).

For linear operators between Banach spaces we have the following result:

Theorem 21. Given two Banach spaces (B, ||-[|(V) and (B?, ||-|®) and a surjective,
bounded linear operator T € L(B',B?*) we have the following natural isomorphism, in-
duced by the mapping Ty := T € 7, where 7 is the canonical projection from (B, || - |™V)
onto B/ Null(T).

T, : B'/Nul(T) — B? (74)

defines an isomorphism of Banach spaces.

Proof. Recall that N := Null(T) is a closed subspace of (B, ||-||") and hence the
quotient space if a well-defined Banach space (with the natural quotient norm). It is
clear that the mapping 77 : b+ N — T(b) is well defined, because any two elements
from b + N have the same image in B? under 7. It is also clear that T} is surjective,
since it has the same range as 7. Finally we have to verify that it is continuous. In fact
it has the same operator norm as 7' itself!

Note that we have to estimate 77 ([b]y) under the assumption that the norm of this
class in B? /N has norm < 1 in the quotient norm. Hence for € > 0 one can find some
b; € b+ N such that ||by||g1 < 1+ &, and consequently

[Ty(b + N[ gz = |T(b1)ll g2 < I T o1l < T (1 +¢).
Since such an estimate is valid for any ¢ > 0 we have

17 B!'/N—B? < Il Bl'-B?*

The converse estimate is left to the reader for individual consideration!

In particular it is now clear that 77 is surjective, continuous and obviously injective
(since the nullspace of T" has been “factored out”). Hence we can apply Banach’s theorem
and obtain that T) defines an isomorphism. O]
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7 Hilbert Spaces and Orthonormal Bases

7.1 Scalar Products, Orthonormal Systems

STILL MISSING: RIESZ REPRESENTATION THEOREM, GRAM-SCHMIDT ORTHONORMA-
LIZATION

For the classical Riesz Representation Theorem see

In this section the use of inner products (i.e. positive definite sesquilinear forms) will
be discussed.

Definition 34. A mapping from V' x V' — K, usually described as (vy,ve) — (v, Va),
is called a sesqui-linear form if ... cf. linear algebra

It is called positive definite of (v,v) =0 = v = 0.

For any pos. def. sesqui-linear form there is an associated norm, defined by the
expression ||v| := /(v,v). A vector space V endowed with such a sequi-linear form
(viewed as a normed space) is called a pre-Hilbert space.

If the space V', endowed with this canonical norm is a Banach space, then it is called
a Hilbert space, and usually then the symbol H is used, resp. (H, (- )).

Standard concepts are just like in linear algebra:

Definition 35. A family (x;);cr in (#H, (-)) is called an orthogonal system if (z;, z;) =0
for i # j. It is called an orthonormal family, if (z;, z;) = 0; ; (Kronecker delta).

Ideas, goals: Every separable Hilbert space (H,(-)) has a countable orthonormal
basis, thus establishing an isometric (in fact unitary) isomorphism between H and £2(N).
This is essentially another application of the idea of the Gram-Schmidt method in the
context of the Hilbert spaces.

Alternative symbol used: H = 7.

Definition 36. A bounded linear mapping T from (H, (-)) to (H,(-)) is unitary if it
is surjective and satisfies

(Tx,Ty) = (x,y), ,¥x,y €H. (75)

Evidently this implies that T is isometric, i.e. ||Tx||z = ||x||3 for all x € H, hence
injective, thus consequently a bijective linear mapping.

Remark 16. The preservation of scalar products (or equivalently, by the polarization
identity, at least for Hilbert spaces over C), equivalent to the preservation of length (and
also the preservation of angles) by itself is only equivalent with the identity T*T = Idy,
but T might not be invertible in such a case, because the range can be a proper subspace!
(if and only if the Hilbert space is infinite dimensional).

The right shift 7} on £*(N), which maps [y, 29,...] into [0, 2y, 29,...] is a classical
example. Obviously it is not surjective but isometric. Check why the left shift (dropping
the first coordinate!!!) is just 7_; and consequently the reverse composition, namely
Ty oT 4|xy,29,.....] = [0,29,x3,...] and is not the identity!!
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For the case K = C also the converse is true, due to the polarization identity:

Make a connection to the so-called polarization identity which hold true for arbitra-
ry complex Hilbert spaces . For any z,y € € the scalar product (z,y). can be
expressed as a sum of norms:

3

3
1 . . . 1 . .
(@ y)or = ; > i@+ ity), (@ + i) = 1 >z + iyl (76)
k=0 k=0

where ¢ denotes to complex unit in C.
There are a few important basic facts concerning unitary linear mappings on a Hilbert
space:

Lemma 32. e The family of unitary operators on a Hilbert space (H,(-)) forms a
(usually non-commutative) group of operators; in particular the composition of two
unitary operators as well as the inverse of a unitary operator is again unitary.

o A bounded linear operator on a Hilbert space if unitary if and only if it maps any
complete orthonormal system into a complete orthonormal system;

o A bounded linear mapping is unitary if and only if it has an infinite matriz re-
presentation with respect to some fized complete orthonormal system (h;)er , with
coefficients which form a complete orthonormal system for £2(I) (where I is the
index set of that orthonormal basis).

One could even claim that the unitary group acts transitively on the set of all complete
orthonormal systems in a given Hilbert space, i.e. for any two such systems there exists a
(uniquely determined) unitary transformation of the underlying Hilbert space mapping
one onto the other.

The usage of orthonormal systems (and in particular orthonormal bases for separable
Hilbert spaces) is very much like that use of unitary matrices for vectors of length n,
and matrices describing the general linear mappings from C™ to C™.

As a first lemma (good Exercise!) we state:

Lemma 33. Assume that (X;)icr is any orthonormal system in a Hilbert space (H,(-)).
Then the length of any finite linear combination (only a finite set F' C I of coefficients
is non-zero) of the form x = Y. . c¢;X; is just the Euclidean length of the coefficient

vector, or more explicitly
Z C;X; = Z |Ci|2' (77)
H i€F

i€l
As a consequence (taking limits) one has: the infinite sum is (in fact then automa-
tically unconditionally, but not necessarily absolutely, convergent to xo = >, ; ¢;x; if
and only if the coefficient sequence (c;) € £2(I). In fact, if it is a Cauchy sequence, the
corresponding sequence of coefficients (more precisely: the collection of coefficients, with
all but finitely many non-zero coefficients put to zero, indexed by the collection of finite
subsets F' C I) forms a Cauchy sequence in £*(I) (and vice versa).
Another nice/easy consequence is the following: Whenever J C [ is any subset, be it
finite of infinite, it is guaranteed that for (c;) € £*(I) the sum Y_,_; ¢;x; is well defined.
Another easy exercise would be to establish the following fact:
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Lemma 34. For the one-dimensional subspace Vy generated by a vector'y € H (we
may assume for convenience that ||y||l% = 1) the orthogonal projection onto Vy is given
by the mapping

x = (xX,y)y, xX€H. (78)

We need one more observation:

Theorem 22. For any given (finite or infinite) set J C I we consider the closed linear
span of the subfamily (x;)ics of an orthonormal family (X;);cr, which we denote by V ;.
Then for any x € H we can define the mapping

P;:x — Z(x, X; )X, X € H, (79)

e

which describes the orthogonal projection from H onto 'V ;.
In particular we have:

Ix = Pr(X)[ln < llx=vull, Vv, eV, (80)

It is part of the claim above that for any subset and any family J the sum

Z(X, X; )X

icJ

is convergent in H, for any x € H (because it is obviously a CS, thanks to Pythagoras!).
The sum is just the projection onto the (automatically closed!) linear span of the elements
(%;)jes-

It is not even necessary that those projections are one-dimensional, but it could be
general projections, as long as they are pairwise orthogonal. So assume that one has
a sequence of pairwise orthogonal projections (P,);c;, with P, o Py = 0 for [ # I, then
> 1er Pi(x) is convergent (and the limit is the orthogonal projection onto the closed linear
span of all the spaces involved).

The above result can also be described as a description of the projection of P; as
diagonal matrices with entries 1 for ¢ € J and 0 for ¢ € I\ J. There are other operators
obtained in this way (we are preparing the stage for the diagonalization results for
compact self-adjoint linear operators on Hilbert spaces).

The topic of “matrix representations” is an interesting in itself.

The notion of compactness is the same as in R? and we thus just recall the definition:

Definition 37. A subset M C (V, || -||) is compact if for any € > 0 every covering by
e-balls there exists a finite (sub-)covering of M.

7.2 Compact sets in concrete Banach spaces

It is of course interesting to study (relatively) compact set in concrete Banach spaces.
One of the classical examples in the literature (see e.g. [4], p.175) is the so-called Arzela-
Ascoli Theorem, a prototype result characterizing relative compactness in (C(X), | - ||«)
over compact domains.
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Theorem 23. [Arzela-Ascoli Theorem] A bounded and closed subset of M C (C(X), || - ||oo),
where X is a compact (hence completely reqular) topological space, is compact if and on-

ly if it s equicontinuous, which means: For every € > 0 and xq € X there exists some
netghborhood Uy of xy such that

1f(2) = flmo)| <&, VYfeEM.

Remark 17. Since it is also true that a continuous functions on a compact, metric space
(to take the easy case of a [?]) one even could say that a set M of continuous functions on

a compact, metric space X (e.g. any compact subset of RY) is uniformly equicontinuous
on X if
Ve>030>0: |z—y|<d=|f(z)— fly)|<e VfeM. (81)

In other words, the 6 > 0 d depends only on £ but not on the position  nor on the
function f chosen, as long as f € M.

The characterization of relatively compact subsets of (CO (R, || - ||oo) is given as Ex.
17 (p.177) in [4]:

Theorem 24. A bounded and closed subset M € Co(R?) (with the sup-norm) is re-
latively compact resp. totally bounded if and only it is (uniformly) equicontinuous and
tight, i.e. as the property

Ve > 0 3R > 0 such that: |f(z)| < e if only |x| > R,Vf € M. (82)

There are certain manipulations which one can carry out with compact sets. The
best way to verify these results is to use their characterization using the concept of total
boundedness (for every ¢ > 0 there exists a finite covering [chosen by the user!] with balls
of radius at most €). >> Ex.!

Lemma 35. For every totally bounded set M set the closure is totally bounded as well.
In principle we even have much more: Assume that a set My is - with respect to the
Hausdorff distance - the limit of a sequence of totally bounded sets M,,, then My is itself
a totally bounded set.

The continuity of addition gives:

Lemma 36. Given two compact sets My and My in some normed space (V, || - ), then
also the complex sum My + My is a compact subset of (V, | - ||).

Certainly slightly more surprising, although not too difficult to prove, using the ideas
of the above two lemmas, is the following Theorem of Mazur:

Proposition 12. ( [4/,p.180): Assume that M is a totally bounded set, then the closed
convex hull of M, i.e. the closure of the set of all convex linear combinations of the form

K K
y = chmk, wz’thz c, =1,¢. >0,
k=1 k=1
is totally bounded in (V.|| - ||) as well.
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7.3 Compact Operators

Definition 38. A linear operator T from a Banach space (B', ||-||V) to (B>, |- ||®)
is a compact operator if the image of any bounded set M C B! within B? is relatively
compact, i.e. has compact closure.

We will write By(B*, B?) for the family of all such compact operators.

A nice result which we will not prove here, see [11], Satz 11.3, is due to Schauder:

Theorem 25. A continuous operator T € L(B', B?) is compact if and only if the dual
operator T' € E(BZ/, Bll) is compact.

Proof. In principle only one direction has to be shown, namely that the compactness
of T" implies the compactness of T”, because then this argument can be used to prove
that the compactness of 77 implies the compactness of 7", but the restriction of 7" to
igi(B') C B is then compact as well. This is just one of the arguments, the rest is
left to the reference. O

One of the standard results (mentioned here without proof) is the following one:

Lemma 37. For any Hilbert space H the closure of the subspace Byo(H) of all finite rank
operators within L(H) is exactly the closed subspace, in fact closed ideal of all compact
operators, i.e. Bo(H).

The Arzela-Ascoli Thm. is also at the basis of a proof that for certain Banach spaces
(such as (C(X), || - ||oo)) a similar statement is valid, but it is not true for general Banach
spaces:

Lemma 38. If X is compact, then the finite rank operators are dense in the compact
operators (of course with respect to the operator algebra norm).

Proof. Just a hint: on is using finite dimensional approximations using kind of quasi-
interpolation operators, which in the most simple case would be piecewise linear inter-
polation operators. Details are in [4], p.176. O

It is a good exercise to check that the compact operators form a closed subspace
within bounded linear mapping from the Banach space B! to B2, i.e. within the operator
space B(B*', B?).

It is an important observation that due to the general properties of a complete me-
tric space (hence a Banach space), that a set is relatively compact if and only if it is
precompact, which means (by definition): For every € > 0 there exists a finite covering
by balls of radius ¢. In fact, from a purely logical point of view it is trivial that relative
compactness implies precompactness, so only the converse if of some interest (proof not
given here), because obviously for every set M it is true that its closure is contained
in the union of all balls of the form B.(m), where m runs through the set M. If this
(trivial) covering has a finite subcovering, we have the situation of prae-compactness.

There is also the notion (just another word) of total boundedness of a set:
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Definition 39. A set M in a metric space is totally bounded if for every € > 0 there
exists some finite covering of M of the form

K
M C | Ba(z)
k=1
It is of course equivalent to say: there exists a finite subset xq,...,xx of points

(Exercise: those points my be choosen from the ambient space X or even from M itself,
since the request is made for every € > 0! [check!]) such that each point m € M is at
most at distance e to one of these points, i.e.

sup l inf d(xk,m)] <e.

meM |[1Sk<K
In the discussion of compact operators we also need another class of operators.

Definition 40. Given two Banach spaces B!, B? an operator is said to be completely
continuous if for any sequence which is weakly convergent in B!, the image is norm
convergent (in (B2, ||-]|®)).

SEE THE SECTION ON THE UBP or PUB ABOVE!

Remark 18. As a preparatory step of the next result we wont to point out that the
weak topology is a Hausdorff topology in particular, weak limits are unique, or more
concrete: If a net (by) is convergent to a limit element b0 and another limit element cg
then by = c¢g € B. This is in fact clear because by — ¢y # 0 would imply the existence
of some bounded linear functional b’ € B’ of norm one with b’(bg — ¢g) or equivalently
b'(bg) # b’(cy), which is inconsistent with the fact that b’(b,) is convergent to both
b’(by) and b’(cy) by assumption.

The following result is just a transcription of Satz 11.4 in [11].

Proposition 13. 1. A compact operator between Banach spaces is always completely
continuous,

2. if (B, || -||M) is a reflexive Banach space (e.g. a Hilbert space) then the converse
is true as well.

Proof. (a) First we have to show that a compact operator 7' maps a weakly sequence or
net, say (b,) into a norm convergent net (7'(b,))acr. What is clear (from the bounded-
ness of T' is the fact that this new sequence/net is bounded.

So let us assume the contrary, i.e. that there is a weakly convergent sequence (b,)
with limit by such that T'(b,) (which is known to be weakly convergent to T'(bg)) would
not have a convergent subsequence with limit 7'(by), or equivalently there is some g5 > 0
such for some subsequence (b,;) one has

|T(bo) — T'(bn,)|lB > €0 forj € N.

Since (T'(by,));>1 is the image of a bounded sequence (recall: weak convergence implies
weak boundedness which is the same as boundedness, due to the PUB!) it is relatively
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compact (in a metric space) hence totally bounded and from this (Heine-Borel-type)
argument we obtain that it has a convergent (further) subsequence (T'(b,; ))x>1. But
this sequence cannot have as a (strong or weak) limit the “expected” element T'(by),
because all its elements are at a fixed minimal distance away from it (by the construction
of the index sequence (n;);>1.

(b) For the second part just observe that a weakly convergent sequence in (B, | -| )
must be bounded (by Banach-Steinhaus, see ?7) and therefore (by Banach-Alaoglu,
combined with the reflexivity of the space) must have a weakly convergent subsequence
(b, )jz1.7°

Of this implies norm convergence of T'(b,,);>1 we have established the existence of
a norm convergent subsequence of (7'(b,)),>1, hence compactness.

[

COMMENT: TO BE PUT ELSEWHERE PROBABLY,EARLIER!

Remark 19. See [4], p.173. The proof makes use of the PUB (Principle of Uniform
Boundedness). If a sequence (z,,) is weakly convergent, i.e. 2/(z,) is convergent in C for
any 2/ € BY, then it has to be (norm!) bounded.

The converse is not discussed here, but we will make use of the equivalence of those
concepts below!

http://en.wikipedia.org/wiki/Compact_operator_on_Hilbert_space

Definition 41. An operator T from a Banach space (B', ||-||V) to (B?, |- ||®) is
a finite rank operator if the range of T', i.e. T(B") is a finite dimensional subspace of
(B2, ||-]|®).

It is not too difficult (but also not trivial) to show that

Lemma 39. An operatorT' from a Hilbert space Hy to another Hilbert space Ho is com-
pact if and only if it can be approrimated in the operator norm by finite rank operators.

Proof. One direction is relatively obvious. Let M the image of B;(0) under T', and let
B.(y;) be a covering of M.
Assume that for every € > 0 there exists some finite-rank operator 7} such that
IT =Tl <e/2
O

We also need information about self-adjoint operators on Hilbert spaces, i.e. operators
which are “highly compatible” with the scalar product on the given Hilbert spaces.

Definition 42. A bounded linear operator 7" on a Hilbert space (H, (-)) is called self-
adjoint if one has
(Tx,y) = (x,Ty) for x,y €H. (83)

38For separable Banach spaces (B S B) this follows from general consideration, allowing to replace
nets by sequences, describing topological properties, for the general case a small extra argument has to
be used, which is explained in Satz 10.14, p.199, of [11]
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The spectral theorem for compact self-adjoint operators is the analogue of the spectral
theorem for symmetric matrices and reads as follows:

Theorem 26. Let T be a self-adjoint and compact operator on a Hilbert space (H,(-)).
Then there exists an orthonormal system of vectors (h,)2, and a null- sequence of real
eigenvalues, i.e. (¢,)0 | € ¢y such that

Tx = ch<x, h,)h, for xeH. (84)
n=1

One of the important steps towards the proof of this theorem is to find that there is
a “realization” of the maximal eigenvalue, i.e. a vector whose length is multiplied under
the action of T' by exactly the operator norm ||T]||, or in other words, there exists a
unit vector x € H with [|x[[3 = 1 such that [|Tx|l3 = || -

MATERIAL of Jan. 16th, 2014
Theorem 27. a) For any self-adjoint linear operator T =T* in L(H) on has
TN = sup{{Tx, %), [|Ix||p < 1}.
b) For normal operators T (i.e. with T*T = TT*) the operator T*T is self-adjoint and
7Tl = 1T

Proof. Let us set q(T) := sup{|(Ty,y)|lyllz < 1}.
Then it is clear that
(Tz,2)| < q(T)lzll3, z€H. (85)

MORE (page 136 of [11], Satz 7.10). Also making use of the parallelogram rule: Ano-
ther important fact which can be verified by (lengthly but simple) direct computation
is the so-called parallelogram rule:

1€ +nl1* + 1§ = nll* = 2(I€1* + In]]*), for &n € H. (86)

Since the quadratic form Q7(z) := (T'z,z) on H takes only real values the parallelo-
gram rule can be applied and gives us

A4Re(Tx,y) = Qr(x+y) — Qr(x —y).

For given x,y with ||x|l% < 1, ||y|l% < 1 there exists a € C with |« = 1 such that

(Tx,¥)] = (Tax,y) = +(@r(0x +y) ~ Qrlax—y)) <

a(T) (llaxllll+” + Iy llll2*) = a(T)-

DN | —

1
< 20(T) (o + yl® + lox = yll) <

Taking now the sup over all y € B;(0)
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Lemma 40. Let T' be a self-adjoint and compact operator on a Hilbert space (H,(-)).
Then there exists a unit vector in H, i.e. x € H with ||x||y = 1, such that ||Tx|y = || T|| -

Proof. For ¢ = 1/n there exists some x,, € H with ||x,|l% = 1 such that ||Tx,|» >
IIT||| — 1/n. Since the image of the unit ball in H under 7" is a relatively compact set
there is a subsequence (x,,) such that T'x,, is convergent, to some limit, say xg € H.
Since the norm is continuous on (H,(-)) (as on any Banach space) we have ||x¢|ly =
limyso0 || 720, || = |||T]|| - For convenience of notation let us relabel this sequence simply
to (Xk)k21-

Let us now look at the scalar products (T'xy,xy). Since T' = T™* it follows that this
are real numbers. In fact:

(Tx,x) = (T"x,x) = (x,Tx) = (Tx,x).

REST open! [11], p.233 ]

THE FOLLOWING THEOREM IS JUST A NICE APPLICATION OF THE CLOSED GRAPH
THEOREM AND WILL NOT BE PRESENTED DURING THE COURSE!

An interesting consequence of the Closed Graph Theorem is the Theorem of Hellinger-
Toeplitz: (see [11], p.153, for the proof).

Proposition 14. Let T be a linear and self-adjoint mapping on (H,(-)). Then T is
continuous.

Proof. Assume there is a convergent sequence (x,) in H with xo = lim, . %, and
y = lim,, o T'(X,,). Then one has for z € H:

(Txg,z) = (x0,T2) = lim (x,,,T2z) = lim (T'x,,2) = (y, z),

n—o0 n—oo

and hence y = TXq, i.e. T has a closed graph, and therefore it is a bounded linear
mapping on H. O

END OF THE INTERLUDE
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Theorem 28. Let (x;);cr be an orthormal family in a Hilbert space (H,(-)). For any
bounded sequence (¢;)icr the operator defined by the (in fact unconditionally convergent)
series
T:x+ Z ci(x,x;)X;, X€H, (87)
icl

defines a bounded operator, with |||T|]| = ||c||oo-

The operator is compact if and only if (¢;)ie; tends to zero, i.e. for every e > 0 there
exists a finite subset Jy C I such that one has |c¢;| <e >0 foralli e I\ J,.

Remark 20. For the case of the system of pure frequencies
Xn(t) :=e*™ t €10,1],n € Z,

the corresponding operators are called Fourier multipliers because they are operators
which are just multiplication operators “on the Fourier transform side”. Originally they
arose in the process of inverting the Fourier transform, i.e. the question of recovering
the function from its Fourier coefficients. In fact, the naive approach (taking simply
more and more Fourier coefficients, resp. summing up from —K to K was giving some
problems, known as Gibb’s phenomenon. In other words, the simple view-point of L*
analysis (and best approximation in the quadratic mean) was somewhat in conflict with
pointwise considerations, at least as soon as functions having discontinuities come into
the picture.

8 Spectral Theory for Compact Operators

Without doubt the existence of a complete orthonormal basis of eigenvectors which al-
lows the diagonalization of an arbitrary given symmetric (resp. self-adjoint) matrix is
one of the high-lights in linear algebra. It is also the basis for many other important ap-
plications, such as the SVD (Singular Value Decomposition), the polar-decomposition of
matrices, minimal norm least square solutions to linear equations, i.e. the determination
of the pseudo-inverse matrix and other questions.

It is also clear, that a basis of eigenvectors is ideally suited to understand the operator
(in terms of the corresponding diagonal matrix). Invertibility (only non-zero diagonal
elements), inversion, pseudo-inversion can also easily determined in this basis.

So in a functional analytic setting the question is: How can the so-called spectral
theorem be generalized. What could be the right setting? Is there a natural analogue for
the finite-dimenionsal setting?

At first sight it is most natural to concentrate on the setting of Hilbert spaces, because
only there the concept of self-adjointness makes sense. Recall, that a bd. linear operator
T on a Hilbert space (H, (-)) is self-adjoint if and only if

(ITx,y)u=(x,Ty)n Vx,y€H. (88)

Note that this definition depends on the particular choice of the scalar product on
the Hilbert space (in fact, one can have many different scalar products which define
equivalent norms, but with a very different set of self-adjoint operators!).

Hence one may ask for eigenvectors for general self-adjoint operators. Of course we
have the usual definition:
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Definition 43. A non-zero vector h € H is called an eigen-vector for the linear operator
T € L(H) if there exists some A € K such that T'(h) = Ah. Obviously A is called an
eigenvalue for T', and h is called an eigenvector corresponding to the eigenvalue \.

One of the new questions is the following one: Does every self-adjoint linear operator
on a given Hilbert space have some eigen-vector?

Note that there is a problem for quite simple and natural operators, say multiplication
operators M, : f + h- f on H = L*(R?). One may think of h(z) = exp —n|z|* (the
normalized Gaussian function) or h(z) = 1/(1 + |z]*)* (for some s > 0). These are
prototypical examples of self-adjoint and injective (Icheck it out) linear operators on
L*(R%) (think of d = 1), however without having A = 0 as eigen-value! In fact, for any
possible value A € R the level-set of h is a set of measure zero (two points in the case
of d = 1) and consequently every possible f € L*(R%) will not just be multiplied by a
given number! (details are left to the reader).

This also raises the question, of what the “spectrum” of such an operator should be.
Since obviously the set of eigenvalues is only a proper subset of the set of all numbers in
C (selfadjoint operators can have only real eigenvalues, however, as in the linear algebra
case!l) of the set of all values where T' — Aldy, is not invertible one has to see how to
describe the spectrum of T: We will put ourselves in a more general context, i.e. that
of the Banach algebra £(H) of bounded linear operators with the operator norm, so we
write (L(H), ||| - ||| ) from now on.

Definition 44. Given any Banach algebra (A, || -||a) with unit element e the spectrum
of a € A is defined as the set of all (complex) numbers A € C such that a — Ae is not
invertible:

spec(a) := {\|a — \e is not invertible in A}

Just to repeat, invertibility of T € L(H) means that there exists another operator S
such that SoT =1dy =T o S.

Fortunately the situation is quite different for compact self-adjoint operator. Such
operators will have at least ONE non-trivial eigenvector, and by a reduction argument
one can find the other, i.e. remaining eigenvectors, corresponding to a sequence of eigen-
values which tends to zero!

Remark 21. The spectral theory for self-adjoint operators (resp. normal operators) ge-
neralized of course the familiar theory which is part of linear algebra courses. On the
other hand it is itself a special instance for the theory of commutative C*-algebras A,
where the Gelfand-theory shows (using the maximal ideals in such algebras, resp. the
multiplicative, bounded linear functionals on such Banach algebras (with the defining
property that ||aa*||4 = ||a]|4”) to identify them in a canonical way with some space
(C(X), |- |loo), where X is a suitable topological (compact) space, whenever A has a unit
element (otherwise such an element has to be adjoined, by turning the direct sum A € C
into an algebra, containing a copy of A (via a = (a,0),) with “natural” multiplication
rules of the form

(a,A)(b,p) = (a+ Ald)(b + pld) = (ab + Ab + pa) + Auld = (ab + Ab + pa, Ap).
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9 Comparing Linear Algebra with Functional Ana-

lysis
’ Linear Algebra ‘ Functional Analysis ‘
matrix bounded linear operator
generating system Frame (stable)
generating system total subset

linear independent system Riesz basic sequence

10 Frames and Riesz projection bases

While it is easy to explain how the concept of orthonormal bases can be extended to the
situation of Hilbert spaces, it turns out that the concepts of “generating system” and
“linear independence” appear to have natural generalizations to the non-finite
dimensional situation, but this is a bit deceptive!

Let us recall the situation. The definition of a total set (see definition 2 appears as a
quite natural generalization of the concept of generating system in a finite dimensional
vector spaces) is useful and wide spread, but has to be distinguished from the idea
that the elements of a set (a candidate for a basis) allows to write every element as a
series. Well, one has to be quite careful in the infinite dimensional setting, because there
are conditionally convergent series (the order of elements matters!) and unconditionally
convergent series (any permutation of the index set is allowed without changing the fact
that the corresponding series is convergent and in addition all those possible limits are

the same!).
This is something which is NOT required in the case of a total set. Given v and £ > 0
we just claim that ||v — Y21 | cpmgllv < ¢ for a suitable choice of elements my, ..., my, €

M and appropriate coefficients, but if a better approximation is required a completely
different and new set of elements and coefficients might do the job, and in addition the
norm of the (finite) sequence in CX need not be controlled, in fact, it may tend to oo
for e — 0.

Hence there is a much better concept relevant, which guarantees that every element
can be written as an infinite and unconditionally convergent sum with £2-coefficients.

Definition 45. A family (f;),.; in a Hilbert space H is called a frame if there exist
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constants A, B > 0 such that for all f € H

AFIZ <D KE £ < BIIFIP (89)

il

Alternative Symbol for H !
It is well known that condition (89) is satisfied if and only if the so-called frame
operator

Definition 46.
S() = (f. fi)fi for feM

el

is invertible. The obvious fact S o S™" = Id = S~' o S implies that the (canonical)
dual frame (f;)icr, defined by f; := S7(f;) has the property that one has for f € H:

Definition 47. 3 3
F=) LI =D ()i (90)
iel iel
Since S'is positive definite in this case we can also get to a more symmetric expression
by defining h; = S~/2g,. In this case one has

f= {fhihs VfeH (91)

el

The family (h;);e; defined in this way is called the canonical tight frame associated to
the given family (g;)ies.

Remark 22. Note that frames are “indexed families” of vectors, and not just sets. It is
quite possible that a given vector appears finitely many times within a frame (if the
length is fixed) or even infinitely many times, if their norms behave properly. On the
other hand it is not just a sequence, because the order of elements does not play any
role, and of course the frame operator of a permuted sequence is just the same (and
correspondingly the dual frame or tight frame are permuted in the same way!).

LITERATURE: Book by Ole Christensen: [3]

If the frame is also linear independent in a suitable way, the family deserves the name
Riesz basis.

Overall (this has to be describe in more detail later on) one can say: Using the
concepts of frames, Riesz bases and Riesz basic sequences (as replacement for total,
basis, or linear independence) in the Hilbert space setting allows to have a setting which
is very similar to the finite dimensional setting, including also solutions to the minimal
norm least square problem.

Definition 48. A sequence (hy) in a separable Hilbert space H is a Riesz basis for its
closed linear span (sometimes also called a Riesz basic sequence) if for two constants
0< D <Dy <0,

2
Dillel < | ewhu, < Dallelz,  vee e (92)
k
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A detail descripton of the concept of Riesz basis can be found in ( [18]) where the
more general concept of Riesz projection bases is explained.

In particular a sequence (hy) is a Riesz basis if and only if the corresponding Gram
matriz, whose entries are the scalar products (< hg, b}, >)gx is invertible on the corre-
sponding £*-space.

[1]: Book entitled: “Studies in Functional Analysis”.

Or in GERMAN:

Lineare Algebra ‘ Funktionalanalysis ‘
Matrix (beschrénkter) linearer Operator
Erzeugendensystem Frame (stabil)
Erzeugendensystem totale Teimenge
linear unabhingige Menge Riesz Basis

FOR people reading GERMAN material I can recommend to take a look at my
lecture notes on LINEAR ALGEBRA, especially the last section (from p. 86 onwards):

http://www.univie.ac.at/nuhag-php/login/skripten/data/MainlinAlgl2.pdf

where many results (and views) of the linear algebra background are explained in more
detail.
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11 Convolution algebras

Material concerning convolution is also found in Conway’s book [4].

11.1 Locally compact Abelian Groups

LCA:= Locally Compact Abelian Group
Conway, p.189 (Example): convolution defined in the measure algebra, convolution
with 0. (e = neutral element in ¢) is the identity element in M (¥). Moreover one has
(end of page 189:
0p ¥ 0y = gy, V2,y €Y.

The group algebra M (%) is commutative (Abelian) if and only if the group ¢ is Abelian.
Furthermore, (L'(G), || |1) is a closed idealR (using the Radon-Nikodym Theorem and
the concept of absolutely continuous functions over groups!).

Continuation of the material then in section VIL.9, page 223. Continuous shift pro-
perty in (LP(G), ||-|,), for 1 < p < oo, based on the density of C.(¢) in these Banach
spaces.

The very last Appendix C in [4] shows how dual of Cy(X) can be identified with
the space of regular Borel measures on X (but what are the exact assumptions: X
locally compact!? ... ). At appears to be built on the Hahn-Jordan Decomposition
for signed measures and the Radon-Nikodym Theorem characterizing absolutely
continuous measures! The correct reference is Thm.C18 (the Riesz Representation
Theorem!), showing that there is an isometric isomorphism between (My(G), | - ||as,)
and (C(G), ||-|l¢;) (for “general” X, not just locally compact groups, whatever this
means!).

12 Various Facts

One can use the Krein-Milman Theorem to verify that cosp is NOT a dual space. This
would also follow from the fact that it a solid BF space (Banach function space in the
terminology of Luxemburg and Zaanen) but fails to have to Fatou property.

13 Further Literature

Most of the books mentioned below are to be found in the NuHAG library at 5.131,
OMP1, next to my office.

1. x [Heil, Christopher| A Basis Theory Primer. Expanded ed. [§]
2. x [Christensen, Ole] An Introduction to Frames and Riesz Bases. [3]
3. x [Gréchenig, Karlheinz] Foundations of Time-Frequency Analysis [7]

4. x [Daubechies, Ingrid] Ten lectures on wavelets [5]
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